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Abstract Traditionally, an X chart is used to con-
trol the process mean and an R chart is used to con-
trol the variance. However, these charts are not sensi-
tive to the small shifts in the processes. The adaptive
charts might be considered if the aim is to detect pro-
cess changes quickly. In this paper, we propose a new
adaptive single control chart which integrates the expo-
nentially weighted moving average (EWMA) procedure
with the generalized likelihood ratio (GLR) test statis-
tics for jointly monitoring both the process mean and
variability. This new chart is effective in detecting the
disturbances that shift the process mean, increase or
decrease the process variance or lead to a combination
of both effects.

Keywords Likelihood Ratio Test - Adjusted Average
Time to Signal - Statistical Process Control

1 Introduction

Statistical process control (SPC) refers to some statis-
tical methods used extensively to monitor and improve
the quality of process. In SPC, it is usually necessary to
monitor both the process mean and the process variabil-
ity. Shewhart’s X-R (or X-S) control charts have been
used widely to detect increasing variance and mean
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shifts in the process, but these charts are not very sensi-
tive to the small shifts in the process and can not detect
the decrease in the variance effectively.

Recently developed adaptive charts have been shown
to give substantially faster detection of most process
shifts. The chart is adaptive if at least one of the pa-
rameters (d,n, h) is allowed to change in real time based
on the actual sample point, where d is the sample inter-
val, n is the sample size and h is the control limit. These
adaptive charts include the variable sampling intervals
(VSI) chart, the variable sample size (VSS) chart, vari-
able sample size and sampling intervals (VSSI) and the
variable parameter (VP) chart.

In the operation of adaptive charts, if the current
sample point falls in the central region (i.e., the point
is close to the target), then it is reasonable to relax the
control by waiting more time to take the next sample
(i.e., using the long sampling interval d;), decreasing
the size of the next sample (i.e., using small sample size
n1) and /or plotting the next sample point on the chart
with wide action limits (i.e., using wide action limit
coefficient h;. On the other hand, if the current sample
point falls in the warning region (i.e., the point is far
away from the target but still within the action limits),
then it is reasonable to tighten the control by waiting
less time to take the next sample (i.e., using the short
sampling interval ds), increasing the size of the next
sample (i.e., using large sample size ns), and plotting
the next sample point on the chart with narrow action
limits (i.e., using narrow action limit coefficient hs). If
the sample point falls outside the action (or control)
limits, then the process may be out of control caused
by the assignable cause(s).

The vast majority of the research on the adaptive
charts has dealt with the analysis of control charts with
VSI. Most work on developing VSI control charts focus



on monitoring the process mean. The pioneering work
of [1] used the X chart to introduce the idea of varying
the X chart sampling interval as a function of what is
observed from the process. VSI control charts were also
considered by|[2], [3], [4], and [5]. [6] studied the VSI X
chart with an improved switching rule. [7] considered
the statistical adaptive process control for two depen-
dent process steps. The VSI scheme was extended to
cumulative sum (CUSUM) and exponentially weighted
moving average (EWMA) charts (see [8], [9], [10], [11]
and [12]). VSS charts were considered, see [13] [14] and
[15]. Subsequently, [16], [17] [18] and [19] considered
VSSI control charts.

Many innovations have been proposed to monitor
the process mean and variance simultaneously, see [20]-
[28]. Recently, [29] proposed a new chart for monitor-
ing the process mean and variance based on Shiryaev-
Roberts procedure. In the adaptive case, [30] and [31]
studied the joint X and R charts with VP. [32] investi-
gated three joint charts for monitoring the process mean
and variance of a normal quality variable using indi-
vidual observations and VSI. [33] extended their NCS
chart to the adaptive case, where all the parameters
are variable. [34] proposed two new combination charts
which integrate the CUSUM procedure with the GLR
and the Fisher statistics, and it is shown that, in ad-
dition to the simplicity of a single chart rather than
two, the proposed charts have significant performance
advantages over the X and S chart pair. But the main
disadvantage of the Fisher chart, as they pointed out, is
that the Fisher method is biased for variance decrease
without concomitant shifts in mean.

Recently, [35] proposed a single chart which inte-
grated the EWMA procedure with the generalized like-
lihood ratio (GLR) test statistics (ELR chart) for jointly
monitoring both the process mean and variability. They
showed that their chart was sensitive to various types of
shifts in the process including the decrease in the vari-
ance. As the ELR chart works better than the other
charts when the aim is to detect small shifts in the pro-
cess mean and variance, it seems logical to think that
if the ELR chart is combined with the VSI feature, the
new chart that is obtained will be more efficient at de-
tecting small shifts in the process. This paper devel-
oped a new chart combining the ELR chart with VSI
feature, providing that this is highly efficient in terms
of adjusted average time to signal (AATS). More de-
tailed studies on other adaptive features, such as VSS,
VP, will be left to our future work.

The rest of this paper is organized as follows. In
the next section, our proposed adaptive control chart,
the VSI chart, is presented. In Section 3, the perfor-
mance of the proposed chart is evaluated using a bivari-

ate markov chain model which is compared to another
existing procedure. In Section 4, the paper is concluded
with a conclusion.

2 Description of the ELR chart with VSI

Let x; = (41, ,Tm),t = 1,2,--- denote a sequence
of samples of size n taken on a quality characteristic
X. It is assumed that, for each ¢, z41, - - - 4, are identi-
cally and independently distributed (i.i.d) observations
and the probability distribution of xy; is assumed to be
normal with the mean py and standard deviation oy.
When a process shift occurs, the process mean and/or
standard deviation will change to be:

w1 = po + 609, 01 = Y00,

where § # 0 and/or v # 1. The § and v are usually
unknown before monitoring. Without loss of generality,
we assume g = 0 and o9 = 1. Let ; = 2;21 xij/n
and S? = Do (@ — %¢)?/n be the t-th sample mean
and sample variance.

2.1 A brief review of the ELR chart

Firstly, we give a brief review of the ELR chart which
has been proposed by [35].

Given a sample x¢, consider the following hypothesis
test

Hy:p=0 and o =1+— Hy:u#0 oro # 1.

It is straightforward to obtain the generalized likelihood
ratio statistic as follows

li =n(@} +S; —InS7 —1). (1)

It can be easily checked that lt£>X2(2) as n — oo.
For simplicity, the coefficient n and the constant term
—1 can be ignored, so we have

LR, = 7} + S7 — In(S7). (2)
Define:

wp = AT+ (1= Nuyg_1, (3)
ve = AS;2 4 (1 — Nog_y, (4)

where Sf? = Sty (@ —ug)?/n, ug = 0, vo = 1, and
A is the smoothing parameter satisfying 0 < A < 1.
In general, a smaller A leads to a quicker detection of
smaller shifts ([36]).

Finally, substitute u; and v; for Z; and S? in (2)
and obtain the charting statistics

ELR; = u? +v; — In(vy), t=1,2,---,



If ELR; > h, an alarm is trigged, where h > 0 is chosen
to achieve a specified in control ARL (IC ARL), which
is the expected number of samples before the chart pro-
duces a signal. This chart is called the ELR chart and
it still works for the case n = 1 due to the definition of
V¢.

2.2 The ELR chart with VSI

When the ELR chart proposed by [35] is used for moni-
toring a process, a sample of size ng is randomly chosen
every dy hours. The adaptive ELR chart is a modifi-
cation of the ELR chart in which the parameter d is
assumed to be a function of the most recent process in-
formation. Like other approaches, the scheme discussed
here uses only two different samples alternatively de-
pending on the current process status. When the pro-
cess is likely to be in control, the long sampling interval
dy, i.e., dy > dy will be used. Conversely, when the pro-
cess seems close to an out of control condition, the short
sampling interval ds, i.e., do < dy is used. Let h repre-
sent the upper control limit for the VSI ELR, chart. The
interval (0, h) is partitioned into two distinct regions:
(0, g) and [g, h), where g represents the warning limit
of the VSI ELR chart. The regions defined by (0, ¢g) and
[g, h) are called the central and the warning region, re-
spectively. The region above h is the action region of
the chart.
The VSI ELR chart policy works as follows:

d(t)* d17 if 0 < ELR;_4 <g,
o dg, lfg <ELR;_ 1 < }L,

where ¢ is the subgroup index; d(t) is the sampling in-
terval; ELR;_; is the observation of the (¢ — 1)th sub-
group. If the sample statistic falls in the caution region,
an investigation should be initiated to verify whether
the process is out of control or whether it is just the
occurrence of a false alarm. If it is a true alarm, then a
corrective action should be undertaken to find out the
assignable cause(s).

2.3 The performance measure and the design of the
adaptive ELR chart

The speed with which a control chart detects process
mean and/or variance shifts measures its statistical effi-
ciency. When the interval between samples is fixed, the
speed can be measured by ARL. If the interval between
samples varied from time to time, the performance can
be measured by AATS which is the expected value of
the time from process shifts to the time when chart sig-
nals. When a process is in control, it is desirable that

the mean time from the beginning of the process until
a signal be long, which guarantees fewer false alarms.
When a process is out of control, it is desirable that the
mean time from the occurrence of the assignable cause
until a signal be short as this guarantees the fast de-
tection of process changes. It is advisable to start the
control with the shorter sampling interval, ds, so the
first sample is taken quickly after the process is started
in case of start-up problems. During the in-control pe-
riod all samples, including the first one, should have
probability of py of being small and 1-pg of being large,
where

po = Pr[ELR < g|ELR < h].

A two dimensional illustration of the partitioning the
central region and the warning region of the VSI ELR
chart is shown in Figure 1.

Insert Fig. 1 about here.

The design parameters of the VST ELR chart, (d;, ds)
and (g, h) are chosen, taking into account the constraint
in the following equation:

dipo + d2(1 — po) = do.

Usually, d; should be large and ds should be as
small as possible. In this paper, we use two dimensional
Markov chain to search for the control limit & and the
warning limit ¢g for the adaptive charts. From Figure
1, we can see the illustration of the partitioning the
central region and the warning region of our VSI ELR
chart.

Table 1 provides the design parameters of several
adaptive ELR charts with A = 0.2, n = 5 and dy = 1.
Here, g;1 and gy denote the warning limits of the VSI
ELR charts with the sampling interval (1.9, 0.1) and
(1.2, 0.1), respectively.

2.4 Markov chain calibrations the AATS of the VSI
ELR chart

To compute the AATS of the VSI ELR Chart, the bi-
variate Markov chain illustrated in [35] can be applied
as well but with a modification.

The transition probability matrix, P = (p;j_ki) is

given by
Ro (I-Ro)1
0 1 ’

where the submatrix Rg is the transition probability
matrix for IC states; I is the identity matrix, and 1 is
a column vector of ones. Let mg, mi, mo and mg be
given integers. First, we consider the charting statistic
of the ELR chart, ELR;. Note that the function f(z) =
z—1In z is monotonically increase (decrease) when z > 1



Table 1 The control limits and warning limits of the VSI ELR charts with A =0.2,n =5

IC ARL
185 370 400 433 500
FP h 1.2089 1.2421 1.2460 1.2495 1.2567
VST  grp | 1.0313 1.0315 1.0315 1.0316 1.0312
gre | 1.0740 1.0750 1.0750 1.0750 1.0740

(0 < z < 1) and attains its minimum at z = 1. So, from
the equation u? +v —In(v) = h, it can be seen that the
domain of w is [-vh — 1,v/h — 1] and the domain of v
is [z1, 22], where 21, 22 (21 < 22) are the real roots of the
equation z—In(z) = h. Similarly, z3, 24 are the real roots
of the equation z — In(z) = ¢, and 21 < 23 < 24 < 2o.
Let the number of states along the axis u; over the
interval [—vh — 1,v/h — 1] be 2mg + 1, then the width
of each segment is w = 2v/h — 1/(2mg + 1). Similarly,
the axis v; over the interval [z1, z3) is segmented into
m states, such that the width of each segment is A, =
(23 —21)/m1, and over the interval [z3, z4) is segmented
into mo —m; states such that the width of each segment
is Ay = (24 — 23)/(ma — mq), and over the interval
[24, z2] is segmented into ms — mg states such that the
width of each segment is Az = (22 —24)(/m3g—mz). The
states along the axis u; and v; are respectively labeled
byl = —my, _m0+17 a] = ]-7 27 T m17m1+17 T
ms, - -+, Mg, thus the center point of state i along the
axis u; is tw, and the center point of state j along the
axis vy is 214 (J — %)Al for j < mq, and 25+ (j — %)Ag
for my < j < mg, and 24+ (j — %)Ag for my < j < mg.
Define

214 (G—3)A, if 1< <my,

v(j) =19 23+ — %)A% if my <j <ma,
za+ (5 — 3)As, if my < j <ma,
A2, i 1< <m,
A(j) = A2/2, if mp < j < mag,
Az/2, if my < j < mg,
and
. l 1—Nov(j) — A(l
a(j) = () —( /\) (J) ()7
. l 1-XMNv(j)+ A
b(j) = () —( )\) () + AQ)

Let N; be such an odd number which is determined
by

N; - -
Slw < R+ Toglu(j)D) — ()2,
N;+1 - -
Wt D> V108G 0GP,
j=1,--,mas.
and N ]’ be such an odd number which is determined by

/

< Vg T 108007 00

N Gl e

j:m1+17"'7m2-
Denote Ry; jy— k) as the transition probability that
(u,v) goes from (i,75) to (k,1). Note that

n

N 1
S HZ(-’ftj—Ut)2:5t2+(1—

Jj=1

)\)2(i't — Ut71)2.

Then, when |i| < '_1

ability R; j)— k1) can be evaluated by

R )= (k1)
= P {(ut,ve) = (k, D)|(we—1,ve-1) = (i,7)}
= P (1= Ni— )Y <3< (k= (1= Nit )
a(j) < S;* < b(j)}
= Pk — (1= A)i— %)% @< (b—(1-Ni+ ;)i’
a(j) — (1 = A)*(Z —iw)* < 57
<b(j) — (1= X)>*(z —zw) b (5)
Similarly, 2 ~1 we have
R )= (k1)
= PT{(uhvt) = (kvl)|(ut*1ﬂvt*1> = (Zvj)}
_py —v/h+ log(UQ(j))A— v2(j) — (1= Nw
<F<(l—(1=Ni- JZZ)A
a(j) — (1 = A)*(z —iw)* < 57
<b(j) — (1= M@ —iw)?}. (6)
= NLQ_l, we have
Ri )= (k1)
= Po{(ut,ve) = (b, D] (wr—1,v¢-1) = (i, §) }
:PT{(%—(lfA)z—l))\ < I
- Vh+1og(v2(j) —v2(j) — (1 = Nw
A )
a(j) = (1= 2@ —iw)? < S7
<b(j) = (1= N (@ — iw)?}. (7)

In other cases, R; j)— () = 0.



The evaluation of above probabilities involves the
following double integral,

[ [ oo

Here, in equation (5),

y)dydz.

o= [\/ﬁ(k—(l—)\)i—%)]%7

b=[Valk— (1 )i+ )%,
C:”[M = (=N (g~ iw)’)

L n[1 —(1- A})\v(j) +F (1- ,\)(% —iw)?]

In equation (6) and in equation (7), ¢, d are the same
as in (5), while in (6),

—+/h+log(v2(5))—v2(5)—(1—-Nw
a =/l v g( (J)i\ () ),

&)E
27\’

b=/n(l—(1-\i—
and in (7), we have
a= V(% - (1-Ni -1,

b V1080 -0 =W,

where ¢(+) and x(+) are the probability density functions
of the standard normal and chi-square with n—1 degrees
of freedom distributions, respectively. Let d be a N x 1
vector, the ith element of this vector corresponds to
the interval being taken after the control statistics fall
inside the state, i. The approach to determine d is as
follows. First, the number of states N equals Z 1 V;,
also the state (z j) can be labeled by

-1
ZN ! )-l—z-i-l
where i — _%7...)07...7%’]' = 1,---,m3
and Ny = 0. When m; < j < mg and |i| < N];l’
or when |z'|:NjQ+1 and (iw)? +v(j) — log(v*(j)) < g,

which means that the current sample falls in the cen-
tral region, the corresponding element of d is d;. The
other elements of d is do, which means that the current
sample falls in the warning region. Denote 7 to be the
normalized eigenvector subject to 7' Ry = 7’.

Suppose that « is the vector of starting probabili-
ties, then it can be expressed in matrix notation, o/ =
4 D , where D is a diagonal matrix with d on the diag-
onal Then the AATS can be expressed as

AATS = o/[(T - L

R)™!' - §I]d,
where R is a N x N dimension matrix when the process
is out of control.

3 Performance comparisons

First, we give a brief review of the NCS chart. When
the NCS chart proposed by [23] is used for monitoring a
process, a sample of size ng is randomly chosen every dg
hours. Then, the values of Y from each sample plotted
on the NCS chart with an upper control limit given by
o2,

— o + €09)%.

The design parameter £ is a function of the sample
mean. If X > pug, & = 7, otherwise & = —7, where
T is a positive constant. In general, larger values of 7
are better for detecting shifts in g with ¢ = o0, and
worse for detecting increases in o with pu = pg. A signal
is given if Y > fo2. In this paper, we assumed that
o =0 and g9 = 1.

AATS results are given for one symmetric and one
asymmetric sampling intervals in Table 2. We can see
that the more widely spaced intervals yield smaller val-
ues of the AATS. The results presented here are fairly
consistent with previous research on univariate VSI con-
trol charts. In general, the interval ds should be as
small as possible for better statistical performance ([8]);
therefor, it usually depends on how soon it is feasible to
sample again after the current sample was obtained. On
the other hand, the sampling interval d; should be cho-
sen to be long so that the resulting control chart would
have an acceptable average sampling rate. Similar con-
clusions can be obtained for other types of changes as
well.

Table 3 provides the AATS values for the NCS and
the ELR charts with fixed and variable parameters,
dy = 1.2, do = 0.1, and it also provides the percent-
age reduction in detection time (denoted by PR; and
PRs) of the ELR and VSI ELR charts relative to the
NCS and VSI NCS charts respectively, where the ex-
pressions for PR;, i = 1,2, are given by

PR — [AATSC /ncs — AATSc, /eLr
' AATSc, /Nes

and where C; = FP and Cy; = VSIL.

From Table 3 we can see that the ELR chart almost
always significantly performs better than the NCS chart
with or without the VSI feature. Obviously, adding the
VSI feature can provide quite substantial reductions in
the time required to detect small and moderate shifts.
For example, when § = 0.4 and v = 1.2, the AATS val-
ues for the NCS and the ELR charts are respectively
21.0 and 10.5; for the same shift, the AATS values for
the VSI schemes for both charts are 15.1 and 6.2, re-
spectively.

Ji=1,2



Table 2 AATS for the VSI ELR charts for different intervals when n =5, A = 0.2 and IC ARL=433

N
5 0.25 050 075 1.00 1.25 1.50 1.75 2.00
000 | (1.9,0.1) 15 20 57 433 125 28 15 1.1
(1.2,01) 19 26 85 433 153 36 1.8 13
025 | (19,01) 15 19 40 222 7.0 25 15 11
(12,01) 1.9 25 56 281 88 32 1.7 1.2
050 | (1.9,0.1) 1.4 17 25 38 31 20 13 1.0
(12,01) 18 23 33 50 40 24 1.6 1.0
075 | (1.9,01) 14 15 17 20 18 15 11 09
(1.2,01) 1.7 19 22 25 23 17 13 10
100 | (19,01) 12 12 13 13 12 11 10 08
(12,01) 15 15 16 1.7 15 1.3 11 0.9
150 | (1.9,0.1) 07 07 07 07 07 07 07 06
(12,01) 1.0 1.0 09 09 09 08 08 0.7
2.00 | (1.9,0.1) 05 05 05 05 05 05 05 05
(12,0.1) 06 06 06 06 06 06 06 0.6

Table 3 ARL, AATS and PR; for the FP and adaptive NCS charts and the FP and adaptive ELR charts

n=5 FP VSI

5 5 NCS ELR PRy (%) NCS ELR PRa(%)

00 1.0 433 433 0.0 433 433
1.2 52.6 32.7 37.8 42.8 25.8 39.7
1.4 14.7 8.6 41.5 9.6 5.4 43.7
1.6 6.5 4.4 32.3 3.5 2.6 25.7
1.8 38 2.8 26.3 18 17

0.2 1.0 225 64.9 71.2 217 48.1 81.5
1.2 390 209 463 307 147 521
1.4 12.7 7.7 39.3 8.1 4.7 42.0
1.6 6.0 4.2 30.0 32 25 21.9
1.8 3.6 2.7 25.0 1.8 1.6 11.1

04 1.0 764 155 79.7 654 8.3 87.3
1.2 21.0 10.5 50.0 15.1 6.2 58.9
1.4 90 58 35.5 54 34 37.0
1.6 5.0 3.6 28.0 2.6 2.2 15.4
1.8 33 25 24.2 16 15

06 1.0 282 7.6 73.0 199 3.6 81.9
1.2 111 6.1 45.0 69 33 52.1
1.4 6.0 4.3 28.3 3.3 2.5 24.2
1.6 39 31 20.5 20 18 10.0
1.8 2.8 2.2 21.4 1.3 1.3

08 1.0 120 47 60.8 6.6 2.2 66.7
1.2 6.3 4.1 34.9 3.3 2.1 36.4
1.4 41 3.2 22.0 21 18 14.3
1.6 3.0 2.5 16.7 1.5 1.5
1.8 24 20 16.7 11 12 9.0

1.0 1.0 5.9 3.3 44.1 2.6 1.6 38.5
1.2 39 30 23.1 18 16 11.1
1.4 2.9 2.5 13.8 1.4 1.4
1.6 2.4 2.0 16.7 1.1 1.2 -10.0
1.8 2.0 1.7 15.0 1.0 1.0

4 Conclusions and considerations

In this paper, we have proposed and studied a single
chart for the surveillance of both the process mean
and/or variance with VSI procedure. The new chart
can be easily designed and constructed and it is very
effective for diverse cases, including the detection of the
decrease in the variance which is also very important in

many practical applications. The VSI ELR charts and
the FP ELR chart were compared to the VSI and FP
NCS charts. The conclusion is that the adaptive ELR
chart can always detect process disturbance much faster
than the NCS charts in detecting small to moderate
shifts.

In using VSI ELR chart, we recommend using the
shorter sampling interval in the first few samples since



the effect of using small sampling intervals is useful at
start-up and has more advantages than the fast initial
response (FIR) feature ([37]) which can result in short
IC ARL (and AATS) values.

Acknowledgement

The authors are grateful to the editor and the anony-
mous referees for their valuable comments that have
vastly improved this paper. This research was supported
by the NNSF of China Grant 11071128 and 11101198.

References

1. Reynolds Mr Jr, Amin RW, Arnold JC, Nachlas JA (1998)
X charts with variable sampling intervals. Technometrics 30:
181-192

2. Runger GC, Pignatiello JJ Jr (1991) Adaptive sampling for
process control. J Qual Technol 23: 135-155

3. Amin RW, Miller RW (1993) A robustness study of X charts
with variable sampling intervals. J Qual Technol 25: 36-44

4. Runger GC, Montgomery DC (1993) Adaptive sampling en-
hancement for Shewhart control charts. IIE Trans 25: 41-51

5. Reynolds MR Jr, Arnold JC, Baik JW (1996) Variable sam-
pling interval X charts in the presence of correlation. J Qual
Technol 28: 1-28

6. Bai DS, Lee KT (2002) Variable sampling interval X charts
with an improved switching rule. Int J Prod Econ 92: 61-74

7. Yang S, Su H (2007) Adaptive sampling interval cause-
selecting control charts. Int J Adv Manuf Technol 31: 1169-
1180.

8. Reynolds MR Jr, Amin RW, Amold JC (1990) Cusum charts
with variable sampling intervals. Technometrics 32: 371-384

9. Saccucci MS, Amin RW, Lucas JM (1992) Exponentially
weighted moving average control charts with variable sampling
intervals. Commun Stat Simul Comput 21: 627-657

10. Reynolds MR, Jr (1996) Shewhart and EWMA variable sam-
pling interval control charts with sampling at fixed times. J
Qual Technol 21: 199-212

11. Epprecht EK, Simées BFT, Mendes FCT (2010) A variable
sampling interval EWMA chart for attributes. Int J Adv Manuf
Technol 49:281-292

12. Ou Y, Wu Z, Yu F, Shamsuzzaman M. (2010) An SPRT
control chart with variable sampling intervals. Int J Adv Manuf
Technol 56:1149-1158

13. Prabhu SS, Runger GC, Keats JB (1993) An adaptive sample
size X charts. Int J Prod Res 31: 2895-2909

14. Costa AFB (1994) X charts with variable sample size. J Qual
Technol 26: 155-163

15. Zhang S, Wu Z (2007) A CUSUM scheme with variable sam-
ple sizes for monitoring process shifts. Int J Adv Manuf Technol
33: 977-987.

16. Prabhu SS, Montgomery DC, Runger GC (1994) A combined
adaptive sample size and sampling interval X control scheme.
J Qual Technol 26: 164-176

17. Costa AFB (1997) X charts with variable sample sizes and
sampling intervals. J Qual Technol 29: 197-204

18. Celano G, Costa A, Fichera S (2006) Statistical design of
variable sample size and sampling interval X control charts
with run rules. Int J Adv Manuf Technol 28: 966-977

19. Mahadik SB, Shirke DT (2011) A special variable sample
size and sampling interval Hotellings T2chart. Int J Adv Manuf
Technol 53:379-384

20. Gan FF (1995) Joint monitoring of process mean and vari-
ance using exponentially weighted moving average control
charts. Technometrics 37: 446-453

21. Albin SL, Kang L, Sheha G (1997) An X and EWMA chart
for individual observations. J Qual Technol 29: 41-48

22. Chen G, Cheng SW, Xie H (2001) Monitoring process mean
and variability with one EWMA chart. J Qual Technol 33: 223-
233

23. Costa AFB, Rahim MA (2004) Monitoring process mean and
variability with one non-central chi-square chart. J Appl Stat
31: 1171-1183

24. Costa AFB (2005) The non-central chi-square chart with
double sampling. Braz J Oper Prod Manag 2(3): 21-37

25. Costa AFB (2006) The non-central chi-square chart with two
stage samplings. European J Oper Res 17: 64-73

26. Costa AFB, Rahim MA (2006) A single EWMA chart for
monitoring process mean and process variance. Qual Technol
Quant Manag 3(3): 295-305

27. Costa AFB, Rahim MA (2006) A Synthetic Control Chart
for Monitoring the Process Mean and Variance. J Qual Maint
Eng 12(1): 81-88

28. Costa AFB, De Magalhaes MS (2007) An Adaptive Chart for
Monitoring the Process Mean and Variance. Qual Reliab Eng
Int 23: 821-831.

29. Zhang J, Zou C, Wang Z (2011) A new chart for detecting
the process mean and variability. Commun Stat Simul Comput
40: 728-743

30. Costa AFB (1998) Joint X and R charts with variable pa-
rameters. IIE Trans 30: 505-514

31. Costa AFB (1999) Joint X and R charts with variable sample
size and sampling intervals. J Qual Technol 31: 387-397

32. Reynolds MR, Stoumbos ZG (2001) Monitoring process
mean and variance using individual observations and variable
sampling intervals. J Qual Technol 33: 181-205

33. Costa AFB, Rahim MA (2007) An adaptive chart for moni-
toring the process mean and variance. Qual Reliab Eng Int 23:
821-831

34. Hawkins DM, Deng Q (2009) Combined charts for mean and
variance information. J Qual Technol 41: 415-425

35. Zhang J, Zou C, Wang Z (2010) A control chart based on
likelihood ratio test for monitoring process mean and variabil-
ity. Qual Reliab Eng Int 26: 63-73

36. Lucas JM, Saccucci MS (1990) Exponentially weighted mov-
ing average control schemes: properties and enhancement.
Technometrics 34: 46-53

37. Lucas JM, Crosier RB (1982) Fast initial response for
CUSUM quality control schemes, give your CUSUM a head
start. Technometrics 24: 199-205



