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COMPOSITE 7? TEST FOR HIGH-DIMENSIONAL DATA
Long Feng!, Changliang Zou', Zhaojun Wang!, Lixing Zhu?

! Nankai University and 2Hong Kong Baptist University

Abstract: We consider high-dimensional location test problems in which the num-
ber of variables p may exceed the sample size n. The classical T2 test does not
work well because the contamination bias in estimating the covariance matrix grows
rapidly with p. Unlike most existing remedies abandoning all the correlation in-
formation, the method developed here is to make use of them in a practical and
efficient way. Our method, called composite T? test, consists of two steps. The
first step is to sequentially select K variables which have the largest correlation
among all combinations of K elements from the remaining variables. The second
step is to construct p/K T? test statistics and combining them together. Under
mild conditions, the proposed test statistic is asymptotically normal, and allows
the dimensionality to almost exponentially increase in n. This test inherits cer-
tain appealing features of the classical T2 test and does not suffer from large bias
contamination. Due to incorporating much correlation information, the proposed
test can delivery more robust performance than existing methods in many cases.

Simulation studies demonstrate the validity of asymptotic analysis.

Key words and phrases: Asymptotic normality, High-dimensional data, Large-p-

small-n, Composite T2 test.

1. Introduction
Assume that Xq,---, X, are independent and identically distributed ran-
dom p-vectors from distribution F'(x — p) located at p-variate center pu. The

classic one sample testing problem is
Hy:p=0 versus Hy:pu#0. (1.1)

Such a hypothesis test plays an important role in a number of statistical problems.
A classic method is the Hotelling 72 test statistic 72 = nX Tﬁ]_lX where X
is the sample mean vector and 3 is the sample covariance matrix. However,
Hotelling T? test cannot be applied to the so-called large-p-small-n paradigm
(p > n — 1) due to the singularity of 3. A natural idea is replacing the singular
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sample covariance matrix 3 with its nonsingular diagonal matrix (Srivastava,
2009; Park and Ayyala, 2013) or identity matrix (Bai and Saranadasa, 1996; Chen
and Qin, 2010). However, these tests lose all the information of the correlations
between those variables. Another nature idea is replacing the sample covariance
matrix by those sparse matrix estimators (Bickel and Levina, 2008; Cai and Liu,
2011). However, it is difficult to maintain the signicant level for those modified
test statistics (Feng, Zou and Wang, 2015a) because of the contamination bias,
which grows rapidly with p. Chen et al. (2011) propose a regularized Hotelling’s
T? test, nXT(ﬁ) + AL,)"'X, XA > 0, by stabilizing the inverse of the sample
covariance matrix. However, the size and power of their test are deeply impacted
by the choice of A and the sparsity of X.

To overcome these problems, we propose another novel test, called composite
T? test by the following two steps. The first step is to sequentially select K vari-
ables which have the largest correlation among all combinations of K elements
from the remaining variables. We group the variables in many blocks and let
the correlation between those blocks be rather small. And then we construct
p/K Hotelling T? test statistics and combining them together. The asymptotic
normality of the proposed test can be derived under some very mild condition-
s. We allows the dimensionality to almost exponentially increase with n. The
information of the correlation between those variables is sufficiently used in our
test procedure. We also derive the formula of the asymptotic relative efficiency
of our test with Park and Ayyala (2013)’s test. Theoretical analysis reveals that
our test performs better in most cases. Simulation studies also demonstrate this
result.

The remainder of the paper is organized as follows. In the next section, the
test statistic is constructed and its asymptotic normality is established. And
the we extend our method to the two sample problem in Section 3. Simulation
comparison is conducted in Section 4. All technical details are provided in the

Appendix.

2. One Sample Problem
2.1. A new test statistic

The classic Hotelling 72 can not work because the sample covariance matrix
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3 is not invertible. However, any submatrix of 3 with dimension smaller than
the sample sizes is still invertible. So we can divide the p variables into several

small parts and then sum the Hotelling 72 test statistics of each part. That is

N N
Wo=> T35 =Y nX}S;' X4,

i=1 i=1
where AjU--- Ay ={1,--- ,p}, 4;NA; =0 and Xa,, Sa, are the sample mean
vector and covariance matrix of Xg,t € A;, s =1,---  n. There are many choices
for the subsets A;. In practice, we may choose those subsets from some available
prior information. For example, in multi-sensor detection problem, the sensors
located in the same spatial point should be naturally grouped together. When
no preference is given, we suggest to fixe the subsets with the same sizes, i.e.
|A;j| =K =[p/N],i=1,--- ,N —1and |[Ay| =p— (N — 1)K. Additionally, we
suggest to choose those strong correlated variables in a same subset and let the
correlations between those subsets are as weak as possible. Next, we will propose
the algorithm to divide the variables.

First, we define some notations. For any symmetric matrix B = (b;;) € R9*9,
define the l;-norm of B is [|B||;, = >_1; j<, [bij|- For a subset A C {1,---,q},
define B4 = (a;5) € R?7*Y be the corresponding “submatrix” of B based on
subset A, i.e. a;; = b;; ifi,j € Aand a;; =0ifior j € A. And for a set
of subsets C = {C1,---,Cs}, Be = (¢i5) € R denotes the “submatrix” of B
where ¢;; = b;; if i,j € Cp,k =1,---,s and otherwise ¢;; = 0.

We consider the following algorithm to divide the variables based on the
matrix R? € RPXP,

Algorithm 1

e Step 1. Find the initial subset A; =  argmax  [|RY]|;,.
AC{L 7p},|A‘:K

e Step 2. Suppose A1, -, A; has been selected and define the rest set A_; =

{1, ,p\UL_, Ay. Find A;y; = argmax |[RY]]s,.
ACA_; |AI=K

e Step 3. Repeat Step 2 by N — 1 times and denote the last subset Ay =
A _(N-1)-
Remark 1. If we search all the submatrices with size K exhaustively, the

computation burden of Step 1 would be O(p*), which is too complicated for
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high dimensional data. In practice, we suggest to use the following algorithm.
First, we find {a1,a2} = argmax |cor(Xy;, Xi;)|. Then, we find the k-th vari-

1<i<j<p
able which has the biggest correlation with {a,-- ,ar_1} in the remain subsets
. k—
{1, . p\{ar, - ,ap_1}, ie. ap = argmax S5 Jeor (X, Xia, )|

ie{ly"'7p}\{a11"')ak71}
Denote the result subset by All. Though All is a little different from A;, the

computation burden is only O(p?). We also use the same algorithm in Step 2.
We found that this algorithm also have good performance in practice.

Define A1, - -+, A,n be the result selected sets by the above algorithm based
on the sample correlation matrix R. Then the test statistic W, can be rewrote
as

W, =nX Sox X,
where OF = {A,1,---, A,n}. However, there are still some drawbacks of W,,.
Even when p is small, there is no explicit form of the expectation of W, under
the null hypothesis. When p gets larger, there will be a non-negligible bias term
because 205 is not independent of X and the sample mean and variance is only
root-n consistent (Feng et al., 2015b).

Similar to Feng and Sun (2015), we consider the following test statistic based

on the leave out method (abbreviated as CT hereafter)

Tp=— xTxt) x, 2.1

" n(n—l);;ﬂ i ZoK 3 (2.1)
where fl(l’j), R are the corresponding sample covariance and correlation ma-
trixs of { X1 }ri j, respectively. And (’)5 is the corresponding selected sets based

o~

on R() by Algorithm 1. Now X, 282{) and X ; are independent from each
ij
other and then the expectation of T, is exactly zero under the null hypothe-
sis. So the bias-correction procedure is not needed for 7;,. And the asymptotic
normality of T}, is easily established in the next subsection.
2.2. Theoretical results
Like Bai and Saranadasa (1996) and Chen and Qin (2010) did, X;’s come

from the following multivariate model:

X, =Tz;+pn for i=1,--- n, (2.2)
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where each T is a p x m matrix for some m > p such that I'T7 = ¥, and {z:}7 4

are m-variate independent and identically distributed random vectors such that

E(z;) =0, var(z;) = I, E(zfl) =34+ A, E(zfl) =mg € (0,00),

E(z% %2 Qq — FE(2%0 (%2 E Qq (2'3)
(Zikn Zis "+ Zing) = E i ) E(Z) - Ezipg)

whenever Y 7_ ap <8 and k; # ka- -+ # kq. The data structure (2.3) generates
a rich collection of X; from z; with a given covariance. We need the following
conditions: as n,p — 00,

AAz—/\A

(C1) wmin = minj<p<n @k > w, Wk = min where w is
o AC{L pH\[AFU-UA_}7AT7A
|A|=K,A%AQ
a positive constant and A\g = ||Ral,. o3 is the asymptotic variance of

\/HHRA”lI'
(C2) tr(A%) = o(tr}(A%)), where A = BY/25_ | B2 and OF = {Ag,--- | A%}

is the selected sets based on the true correlation matrix R.
(C3) p'S LB icp = o(n~'tr(A%)) and (T Sk p)? = o((log p) /0 =3/ 2tr(A%)).

(C4) logp = o(n).

Condition (C1) is a technical condition to make the partition in Algorithm
1 identifiable. To appreciate Condition (C2), consider the simplest case K = 1.
(C2) then becomes tr(R*) = o{tr?(R?)}, which is similar to Condition (3.7)
in Chen and Qin (2010). Let Ay < --- < A, be the eigenvalues of Ax and
ve = > b_ Ak, (C2) becomes vy = o(v3). If all eigenvalues of A are bound-
ed, vy = O(p) and o = O(p). So (C2) is trivially true. And (C3) becomes
|||]?> = O(n~'p'/2), which can be viewed as a high-dimensional version of the

local alternative hypotheses.

Proposition 1 Under the Conditions (C1)-(C4), we have
P ﬂ {Off _ OK} —1_ O(n3/2pK+1€fnw2/2).
1<i<j<n

Proposition 1 shows that the probability of J; ;. j<n{(9f§ # OK} is expo-

nentially small as n,p — oc.
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Theorem 1 Under conditions (C1)-(C4), we have

T, — pu's7!
n 2 OK“L)N(
2n—2tr(A%)

0,1).

To construct test procedure, we propose the following ratio-consistent estimator
of tr(A%),

— 1 & -1
tI‘(A%() = ﬁ Z(Xu - Xiz)TEglél?ﬂ?’Z%) (Xzs - XZ'4)
n 11,2,%3,%4
— -1
X (Xiy = Xi) B (X = Xyy), (24)
11,12,13,14
where OF ;. . is the selected sets based on R(i1+i2/i3,14) and »(i2,08,04) R (i15i2,3,i)

are the corresponding sample covariance and correlation matrix of { X } k-4, i is,is
respectively. Through this article, we use >_* denote summations over distinct in-
dexes. For example, in tr(A% ), the summation is over the set {i1 # iy # i3 # i},

for all 41,1i2,13,74 € {1,--- ,n} and P =n!l/(n —m)!\.

Proposition 2 Under the conditions (C1), (C2) and (C4), as n,p — oo,

tr(A2
MAR) p g

—

This result suggests rejecting Hy with « level of significance if T,,// 2n~2tr(A%) >
Za, Where z, is the upper a quantile of N(0,1).

Next, we discuss the power properties of the proposed test. According to
Theorem 1, the power under the local alternative (C3) is

-1
Bor() = @ [ —0+ Z0TE_ )
2n2tr(A%,)

where ®(-) is the standard normal distribution function. So the performance of
our proposed test relies certainly upon the choice of K. Obviously, the optimal
choice of K is the maximizer of Scp. But it is infeasible because p is unknown.
For simplicity, we only illustrate the procedure with K = 2 in the subsequent

theoretical results.
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Remark 2. In practice, if we know some knowledge of the correlation be-
tween those variables, we need to combine them together. In this case, we do
not need to divide the variables by Algorithm 1. For example, if we know some
genes express a trait together, we should combine them in a subset. Otherwise,
we suggest to use Algorithm 1 in Section 2.1. The choice of K in practice de-
serves some further studies. Generally speaking, when the correlations between
those variables are strong, we need to use a large K. However, when correla-

tions between those variables are weak, large K may cause so many meaningless

—

estimators of correlations in Eg}’}_)-
information in the simulation stujdies.
In contrast, Park and Ayyala (2013) showed that the power of their tests

(abbreviated as PA hereafter) are

So a small K is preferable. See some more

T—1
Bpa(p) = (—za + ”D”> .

2n~2tr(R?)

where D is the diagonal matrix of 3. It is difficult to propose a theoretical
comparison between our proposed test with Park and Ayyala (2013)’s tests under
general settings. For simplicity, we consider ¥ = R = (a;;),a25—1,2k = G2k 26—1 =
p, k=1 ,g and the others are all zeros. In this case, ¥px = X, Ag = I,,.
And then, the power of our test is

p
1—1p2 Sorer (31 + 13 — 2ppor—1p2k)

V2n=2p

ﬁCT(/J/) = —Za +

And the power of PA test is

Bra(p) = <_Za + > 1 Mp > .

V2n=2p(1 + p?)

We consider the following representative cases for p = (p1,-- - , ftp):

(1) pp =0, k=1,--- ,p. Then the asymptotic relative efficiency is

/ 2
ARE(CT, PA) = Y217
1+p
v/ 1+p2?
When p < 0, s

PA test. When p > 0, ”f:pp ’ < 1 and then PA test performs better. This

> 1 and then our proposed test is more powerful than
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ARE has a positive lower bound of g when p > 0, whereas it can be

arbitrarily large if p is close to —1.

(2) pok—1 =0, por = —0. In this case, the asymptotic relative efficiency is
1 2
ARE(CT, PA) = 7V1+p.
—p

Thus, similar to case (1), when p > 0, our proposed test is more powerful
than PA test and vice versa. This ARE has a positive lower bound of ?

when p < 0, whereas it can be arbitrarily large if p is close to 1.

(3) pok—1 =0,p2r =0,k =1,---, 5 Then the asymptotic relative efficiency is
1 2
ARE(CT, PA) = 7V1+§.
- P

When p =0 or R = I, these two tests are equivalently powerful from the

asymptotic viewpoint. Otherwise, the proposed test would be preferable.

(4) py is independent from N(0,d), 6 > 0. Then, by the law of large numbers,

P
2
P Z (Mgkﬂ + /‘%k - 2PM2k71M2k) X5, pt ZM% )
= k=1
Thus, Then the asymptotic relative efficiency is the same as the case (iii),
1.e.

2
ARB(CT, PA) = VU2
—p

3. Two Sample Problem

In this section, we extend our proposed test to the two sample case (Chen
and Qin 2010; Cai et al. 2014; Feng et al. 2015b; Gregory et al. 2015). Let
Xij, j=1,---,n;, i = 1,2, be independent p-dimensional multivariate random
vectors from the diverging factor model (2.3) with mean p; and unknown common
covariance matrix X.

We extend the test statistic T}, in (2.1) to the two sample case

T i17i27j17j2
n = Z Z (X4, _X2j1) EOKA o (X1i2_X2j2)7
mng(m = Dne = 1) | 2= G, 1:42:91.92

(3.1)
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where X (1:22:71:32) R(i1,i2,1.32) is the corresponding pooled sample covariance ma-
trix and correlation matrix of the sample {X 1 }x-i; i, and {Xo;}i2j, j,, respec-
tively. And O;] ;. ; ,, is the selected sets based on R(i1i2.1.52) by Algorithm
1.

Next, we also can show the asymptotic normality of @Q,. Define n = ny +
ng and 7 — k € (0,1). In this case, we consider the following alternative

hypothesis:
(C5) (k1 —p2) "Bk BB (11 — o) = o(n~r(A%)) and (e — o) TSk (e —
Hy))* = o((log p) />0t (A%)).
Theorem 2 Under the conditions (C1), (C2), (C4) and (C5), as n,p — oo, we
have
n — _ Tz—l .
Qn — (1 — 12)" Eox (1 — H2) £, N0, 1),
V2007t 40y h)2(A,)

For simplicity, we only use the first sample to estimate tr(A%) by (2.4). And

then we reject Hy with a level of significance if Qn/\/Q(nl—1 + n51)2tr(A%() > 24

4. Simulation
4.1. One Sample problem
4.1.1 Large-p-small-n case

Here we report a simulation study designed to evaluate the performance of
our proposed test (abbreviated as CTy with K = 2 and CT5 with K = 5). We
compare our test with the methods proposed by chen et al.(2011) (abbreviat-
ed as RHT) and Park and Ayyala (2013). We consider the following different

covariance matrices:
(I) ZZ(UZ‘j), UiiNU(0,1>,i:1,"' ,pand 045 :Ofori;éj;
(H) Y = (Uij), O'Qk_l’Qk = U2k,2k—1 = 0.8, k = 1,"- ,p/2 and O — 1, i =
17 Y 2

(IIT) ¥ = (0i5), ook—12k = O2k2k—1 = —0.8, k =1,--- ,p/2 and oy = 1, i =
1) Y 2

(IV) = = (o), 045 = 0.8l
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(V) = = (045), 055 = (—0.8)I"7;

(VI) ¥ =(0y5),0i5=02fori#jand oy =1,i=1,--- ,p.

(VII) ¥ = (045), 055 =09fori#jand oy =1,i=1,--- ,p.

And we consider three distributions for X: (a) Multivariate Normal distribution
N(p, %); (b) Multivariate t-distribution MT(u, X, 5); (c)Multivariate chisquare
distribution X = p + X7Y2Z, where Z = (Zij)1<ij<p, Zij is distributed from
centered x3. For the alternative hypothesis, we consider two patterns for p =

k(p1,- -+, tp). Random cases:

(i) all the components are distributed from N(0,1), i.e. p; ~ N(0,1), i =
17 Y 2

(ii) randomly half of components are distributed from N(0,1) and the others

are zeros;

(iii) randomly [0.05p] components are distributed from N(0,1) and the others

are zeros.

Fixed cases:

(iv) all the components are equal to one, i.e. u; =1,i=1,--,p;
(v) pok—1=Lpop = =1, k=1,--- ,p/2;

(vi) pok—1 =1, g =0, k=1,--- ,p/2;

(vii) pi =1,i=1,---,[0.05p] and the others are zeros.

To make the power comparable among the configurations of Hi, the coefficient x
is selected so that the signal-to-noise u” X~y = 1.5 throughout the simulation.
And (n,p) = (30, 100) or (40, 200).

Tables 4.1-4.3 report the simulation results of the three tests under different
distributions and scenarios of p in the one-sample case. We observe that both
PA test and our test have reasonable sizes in most of cases. However, the RHT
test can not control the empirical size very well, especially when the correlations
between the variables are large. Chen et al. (2011) use the shrinkage estimator

(ﬁ]—i—/\Ip)*1 to estimate the inverse of covariance matrix £ ~! in their test statistic.
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Thus, if the difference between ¥ and A, is very small, RHT performs very well,
such as Case (I). However, if 3 is not very sparse, the power of the RHT test
is smaller than the other tests in Cases (IV)-(VI). When R = I,,, our test CT,
performs similar to PA test. Next, we consider the four sparse models (II, III, IV,
V) in the following analysis. In the random cases, our test is more efficient than
the PA test. And our test CTy performs better than PA test in the fixed cases (vi)
and (vii), which is consistent with the theoretical result (3) in subsection 2.2. For
the fixed case (iv), the PA test performs a little better than our test CTy when
the correlation between the variables is positive. However, when the correlation
between those variables is negative, the power of our test is significantly larger
than the PA test. It is consistent with the theoretical result (1) in subsection 2.2.
Similarly, the performance of our test CTy and PA test is consistent with the
theoretical result (2) under the fixed case (v). Finally, we consider the model (VI)
i.e. strong correlation between all the variables. Our test CTy outperforms the
PA test in all cases under model (VI). These results demonstrate the advantage
of our method. Next, we compare our two tests, CTy and CT5. They performs
similarly when R = I,,. For the model (II) and (III), CT outperforms CT5 in
most cases because CT5 need to estimate many meaningless correlations between
those variables in the subset A;. However, for the model (IV)-(VII), CT5 is more
powerful than CT5 in most cases because CT5 lose some information between the
correlation of variables. It shows that the choice of K depends on the structure of
3} and the alternative hypothesis. The choice of K deserves some further studies.

All these results together suggest that the CT test is quite robust and efficient
in testing the shift of locations, especially when there are strong correlations
between all variables. If the correlation between all variables is not large, our
test will outperform PA test when the direction of location shift contrary to the
correlation between the variables and vice versa. If the direction of location shift
is random (random cases (i), (ii), (iii)), our test is also more efficient than the
PA test.
4.1.2 Large-n-small-p case

In this subsection, we consider large-n-small-p case to compare our test CTo
with the classic Hotelling’s T2 test (abbreviated HT hereafter) and PA test. All

the settings are the same as Section 4.1.1 except n = 50,p = 4. Here we only
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Table 4.1: Empirical sizes and power (%) comparisons under the multivariate normal

distribution in the one sample case

PA RHT CT, CTs| PA RHT CT,; CT5| PA RHT CT; CT5| PA RHT CT, CTj

Random Cases

Model size (i) (ii) (iii)

n = 30,p = 100

(I) 51 52 51 537 65 72 75|73 69 72 69|69 63 72 67
(I1) 4.7 43 49 62|20 15 79 48|20 16 77 51|20 16 76 41
(IIT) 43 45 44 39120 18 79 51|21 18 79 57|21 17 78 57
(Iv) 71 12 61 62|10 25 31 42|10 23 30 55|10 26 29 45
(V) 47 14 47 54|10 41 30 51|10 37 29 52(95 31 31 48
(V) 7.1 13 6.3 38|21 23 43 61|23 17 44 57|22 23 45 56
(VI) 56 04 46 46|64 22 73 29|61 20 6.5 33|53 31 56 31
n = 40,p = 200
(I) 6.1 45 53 52|71 61 71 77|72 65 72 69|71 61 72 73
(I 6.3 21 42 39(20 13 79 55|19 13 79 53|18 13 78 55
(IIT) 6.2 42 41 41|20 14 80 54|20 14 77 47|18 12 79 45
(Iv) 74 13 61 48| 10 1.3 30 51(93 22 29 37|10 1.2 29 50
(V) 43 24 54 47(96 21 29 45|92 31 30 46 | 11 23 30 48
(vi) 71 11 66 62|15 14 31 55|16 11 33 37|15 1.7 33 52
(VI) 46 0.1 43 49|83 12 95 20|46 04 50 19|61 15 69 24

Fixed Cases

(iv) (v) (vi) (vii)

n = 30,p = 100
Iy 70 53 69 70|75 67 73 66|68 28 72 70|72 62 73 72
(I 94 21 79 81|13 10 78 53|21 83 79 47|63 44 76 68
(IIT) 10 55 78 49|94 8 78 79|20 10 78 56|10 11 77 43
(IV) 100 0.4 100 99 | 7.2 1.3 24 35|10 1.3 31 45|59 24 65 57
(V) 73 13 24 47 (100 93 100 99 |9.1 2.2 27 45|83 3.7 28 41
(VI) 100 1.2 100 100| 22 23 45 58|48 13 63 75|24 26 45 64
(VIT) 41.6 0.5 41.3 100| 5.0 20 6.0 26 |53 12 6.7 29 (6.0 25 79 30
n = 40,p = 200
I 69 47 72 62|73 64 73 71|73 23 75 75|67 65 69 74
Iy 94 15 7 77|11 74 81 42|19 66 78 53|95 8 77T 87
(IT) 12 44 80 56 | 97 8 79 8|20 10 79 49|11 10 80 39
(IV) 100 1.2 100 98 | 6.5 1.1 24 43|82 1.2 27 50| 8 45 85 83
(V) 71 23 23 45100 99 100 99 | 12 24 30 53|96 22 25 43
(VI) 100 1.1 100 100| 15 11 32 51|36 51 52 65|18 13 34 49
(VII) 54 0.0 53.3 100| 6.3 0.7 7.7 19 3.3 0.8 4.8 21|52 11 6.5 19
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Table 4.2: Empirical sizes and power (%) comparisons under the multivariate t distri-

bution in the one sample case

PA RHT CTs CT5| PA RHT CT, CT5| PA RHT CT, CT5| PA RHT CT; CTj

(VI)
(VII)

(1)

(I11)
(V)
(V)

(VD)
(VII)

size

Random Cases

(i)

(i)

(iii)

5.1
5.2
5.4
7.1
6.3
7.2
6.3

6.1
6.6
5.2
5.8
5.7
6.5
9.7

2.2
0.2
1.8
0.1
0.0
0.0
0.0

0.2
1.3
0.0
0.1
0.1
0.1
0.1

5.7
4.4
4.7
5.3
5.2
5.9
6.7

4.7
5.1
4.7
5.8
9.5
6.2
9.3

4.3
5.1
5.3
5.4
4.7
5.9
3.9

3.9
4.1
5.6
6.3
5.9
4.1
4.1

70
20
20
11
11
24
6.3

70
20
19
09
09
17
10

n = 30,p = 100

53 72
43 74
81 75
0.1 30
1.5 33
15 47
3.1 6.3

7
42
93
41
43
64
28

69
22
23
10
09
26
6.0

n = 40,p = 200

37 73
3.3 76
2.7 73
1.1 33
1.5 26
5.3 37
1.5 11

73
49
53
o1
48
98
19

69
17
18
10
10
17
5.3

47
5.1
13
0.6
2.1
12
5.6

34
3.2
3.5
1.7
1.1
7.1
1.8

72
76
7
29
32
49
5.0

71
7
(s
31
29
41
5.3

69
47
49
39
40
61
36

70
48
54
35
47
49
18

70
19
19
09
10
26
3.7

67
19
18
09
08
18
5.7

48
1.8
9.1
0.7
0.8
13
5.3

46
2.3
2.8
1.1
1.3
5.6
1.1

72
73
74
32
32
93
4.7

72
7
73
26
29
40
6.0

70
52
45
35
45
o7
29

73
49
42
41
40
65
20

(1)

(I11)
(V)
(V)

(VD)
(VII)

(1)

(111
(1v)
(V)

(VI)
(VII)

(iv)

(v)

Fixed Cases

(vi)

(vii)

69

90

12

99

8.3
100
42

69
91
11
100
8.5
100
95

1.1
2.3
1.7
0.6
1.0
0.2
0.2

0.0
0.1
0.3
0.4
0.1
0.0
0.0

72
74
(s
98
25
100
41

71
75
74
99
26
100
54

70
7
43
98
35
99
100

79
78
43
99
41
100
100

72
11
89
8.4
99
25
4.7

70
10
91
6.8
99
16
6.1

n = 30,p = 100

o7 T4
23 75
86 77
0.3 27
96 99
16 50
5.3 4.7

73
37
81
38
97
61
45

71
21
17
11
12
92
8.3

n =40,p = 200

35 72
3.6 T4
83 75
1.1 25
100 100
6.2 39
1.3 6.9

79
41
82
40
99
56
19

69
19
19
09
10
36
5.3

16
2.1
14
0.3
1.1
7.2
4.8

9.6
2.7
1.1
0.6
0.7
3.2
0.8

73
74
74
32
31
66
7.3

73
75
76
29
29
51
5.7

69
93
48
39
48
73
38

70
54
47
37
35
60
22

62
o8
12
59
7.4
27
7.7

71
92
12
83
07
16
4.8

56
38
4.3
31
2.2
20
4.1

29
70
0.0
48
0.0
5.6
0.5

69
72
73
64
25
ol
7.7

69
(0]
76
83
27
37
4.4

68
68
48
61
38
65
37

()
85
50
83
39
58
21
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Table 4.3: Empirical sizes and power (%) comparisons under the multivariate chisquare

distribution in the one sample case

PA RHT CT, CT5| PA RHT CT, CT5| PA RHT CT, CT5| PA RHT CT; CTs

Random Cases

Model size (i) (i) (iii)

n = 30,p = 100
(I) 58 39 68 59|67 67 67 59|71 69 69 58|67 66 66 60
(I1) 51 41 6.1 63|20 18 72 51|19 12 75 47|18 20 70 44
(I11) 43 33 69 47|20 17 72 47|18 20 72 43|19 21 71 49
(IVv) 52 11 65 62(93 22 30 46|86 1.1 28 44|10 3.4 31 51
(V) 50 1.0 6.0 64| 11 3.0 28 43|10 2.6 32 42|10 35 29 39
(VII) 69 02 53 51|26 23 47 59|23 24 48 54|25 30 45 54
(VI) 5.0 1.3 58 43|50 26 6.2 33|31 28 43 31|83 24 87 32
n = 40,p = 200
(I) 59 47 6.1 66|69 58 67 68|72 63 71 73|67 63 66 68
(II) 5.7 52 69 52|19 14 77 47|16 16 75 56|19 16 72 49
(I11) 60 71 6.0 68|20 19 73 53|18 19 74 53|19 27 72 46
(IV) 6.1 06 6.5 43[96 26 28 52|71 29 29 47|10 19 31 45
(V) 60 23 63 52|70 1.2 28 41|82 23 28 45|10 51 29 49
(VI) 63 1.7 58 61|14 11 35 46|16 12 34 56| 13 11 34 47
(Vi) 6.7 0.1 63 51|53 14 53 20|77 14 9.0 14|4.0 11 43 17

Fixed Cases

(iv) (v) (vi) (vii)

n = 30,p =100
(I) 70 43 54 57|69 62 69 61|67 30 63 58|64 70 70 67
Iy 93 27 81 77|10 73 71 45|22 6.3 77 45|57 48 75 57
(IIm) 12 35 79 37192 73 71 74|18 41 81 47|11 11 76 46
(IV) 100 0.2 100 99 | 08 1.9 24 39|10 0.6 32 44|60 24 67 59
(V) 9.7 19 24 47100 94 100 96 | 10 1.7 28 40|76 2.1 27 49
(VI) 100 0.6 100 100| 25 19 47 60| 47 12 63 75|28 28 50 67
(VII) 42 0.1 44 100|50 21 6.5 27|35 13 4.7 39|50 20 6.2 35
n =40,p = 200
(I) 69 51 53 49|71 65 70 72|69 30 62 64|67 63 71 62
(I1) 94 34 81 74|11 84 73 49|20 7.2 77 51|90 8 76 81
(II) 12 85 79 43195 79 75 84|21 69 82 47|12 12 75 49
(IV) 100 0.6 100 100| 06 0.0 23 38| 11 04 28 47|82 50 87 &4
(V) 53 21 21 39100 100 100 100| 11 2.1 27 47|73 2.7 24 41
(VI) 100 0.8 100 100| 16 14 34 51|34 14 51 68|15 14 36 45
(VII) 57 0.3 56 100|57 9.5 53 22|77 11 84 20|6.1 76 72 17
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consider the multivariate normal distributions. Table 4.4 reports the simulation
results of the three tests. For model (I)-(III), our test CT performs similar to HT
test because of 3k = 3. For the other models, HT test is more powerful than
CT5 test because CT test lose the information of some correlation of variables.
CT; test also outperforms better than PA test for the model (II)-(V) in most

cases, which is consistent with the large-p-small-n case.

Table 4.4: Empirical sizes and power (%) comparisons under the multivariate normal

distribution in the one sample case

PA HT CT, PA HT CT, PA HT CT, PA HT CT,

Random Cases
Model size (1) (ii) (iii)
Iy 6.0 60 4.0 33 39 38 38 42 40 36 42 41
() 7.0 67 63 17 43 46 20 42 42 12 43 44
(II1) 8.7 6.3 5.7 19 47 49 16 42 42 14 46 46
(Iv) 3.0 6.7 3.7 9.6 37 27 12 42 29 89 41 28
(V) 83 5.0 5.1 9.1 39 27 11 38 26 10 42 28
(VI) 4.7 40 4.0 37 40 38 39 42 41 32 40 40
(VII) 6.2 52 6.3 6.0 42 25 8.0 41 26 83 39 25
Fixed Cases
(iv) v) (vi) (vii)
) 41 43 42 42 42 42 47 46 46 23 44 43
(I1) 51 43 43 9.2 35 40 17 41 44 16 41 42
Iy 9.0 37 37 52 41 40 15 41 42 13 46 47
(IV) 58 38 48 67 40 25 96 41 25 11 43 31
(V) 82 41 29 61 40 53 11 41 27 11 37 26
(VI) 58 43 50 33 40 38 38 38 38 45 47 47
(VII) 63 42 59 9.1 45 29 13 42 30 84 35 23

4.2. Two Sample problem
In this subsection, we compare out test CT9 with PA test, RHT test, Cai et
al. (2014)’s test (abbreviated as CLX test) and Gregory et al. (2015)’s test (ab-

breviated as GCT test) in two sample case. Here, we only consider the multivari-
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Table 4.5: Empirical sizes and power (%) comparisons under the multivariate normal

distribution in the two sample case

n; size (i) (vi)

PA RHT CT, GCT CLX| PA RHT CT, GCT CLX| PA RHT CT, GCT CLX
1553 00 47 96 36 |15 33 59 24 56 | 15 2.6 46 24 57
2062 21 51 80 23|17 55 73 31 51 |18 24 72 28 48
3057 1.2 56 11 10 | 27 3.7 97 41 53 | 26 21 96 42 45

ate normal distributions for the two samples, i.e. Xq1; ~ N(0,X), i =1,---,ng
and Xoj ~ N(p,X), j = 1,--- ,ng. For simplicity, here we only consider the
model (IV) and two cases (ii) and (vi) for p = x(p1,- -+, ptp). Now the coefficient
# is selected so that the signal-to-noise ||p||?/4/tr(X?) = 0.1. Here we consider
three sample sizes ny = ny = 15, 20,30 and dimension p = 224.

Table 4.5 reports the simulation results of the five tests. The sizes of PA test
and our test are close to the nominal level. Our test is more powerful than PA
test in both (ii) and (vi), which is consistent with the simulation results in the
one sample problem. However, the sizes of RHT test are still smaller than the
nominal level. And then their tests are still not effective under the alternative
hypothesis. The sizes of GCT test are a little larger than the nominal level. And
our test CT9 also outperforms GCT test. The CLX test can not control their
empirical sizes very well in these cases, especially when the sample size is small.
It is difficult to estimate the precision matrix very well when the sample size is
not large. Consequently, their power are meaningless. All these results show that

our CT test is also an efficient method for the two-sample problem.
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5. Appendix

5.1. Proof of Proposition 1

Proof. Define A4 = ||R4l|;, and 5\2 is the corresponding estimator based on
the sample {X}}r2i ;. By the Central Limited Theorem, \/n (5\2 - )\A> N

(Aag—Aa)o a9

2 2 . . . . _
N(0,0%) where 05 is the corresponding asymptotic variance. Define e = oaToas

We have
P (5\A<17 < 5\2) =P (5\A‘1’ — )\A<l7 < 5\2 _>\A‘1’75\A‘1’ _)\A‘l’ > —6)
+ P <5\A(1; —)\Acf < 5\2 — /\A(IHS\A‘l’ —)\Ac{ < —6)
<P (5\1{ — )\Atl) > fe) + P (S‘A(f — )‘A(f < f€>
Ao — A4 — _
—® <\/ﬁ( A2 — A 6)>+¢< \/ﬁe>

A UA‘I’
)\ o — )\ nw?
=29 Vs A) < 2 e T
oA+ 049 V2T
Denote (’)5 = (A7,---, AY). Thus,
P(A £ A7) = P U <)
Ae{lv"'vp}»"Al:K:A;éA[l)
K
<Cckp (XAO < Xi{) < 2 nstre
- ! T/ 2mnw?
.. K
Similarly, we can show that P(A} # A9) < ) = e"@%/2, And then
2rnwj,

Pl N tof5=0%) 1P( U {0 0%}

1<i<j<n

—1-P( U U {474}

1<i<j<n 1<k<N

2 K
<] — %e*nwfmnﬂ -1 O(n3/2pK+1e—nw2/2)
= 5 ,

2w,
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by the condition (C1). O
5.2. Proof of Theorem 1

Proof. According to Proposition 1, we only need to consider the asymptotic
property of T,

-1

T, . 1 Z ZXTE(W) X;

i=1 j#i
-1
T T -1
D) >3 XTEAX, s ZZX ( 20K>Xj
i=1 j#i 1=1 j#i
iTnl""TnQ-

Next, we will show that

Tnl — MK EoKU’ ﬁ
2n—2tr(A%)

N(0,1). (5.1)

and Tpo = 0, ( 2n—2tr(A%<)).

T Z Z 1 x (X Z NTEOK K) + HTEOK“

i=1 j#i

= ~n11 + Toaz + p' Sk pe

It is easy to show that F(T,12) = 0 and var(Tp12) = 4n_1uTE EﬁoKu =
0(2n"2tr(A%)). So Tniz = 0,(y/2n2tr(A%)). Next, we only need to show the
asymptotic normality of Tj,11. Without lose of generality, we assume g = 0 here
and after.

Define Vi,; = n~'(n — 1)"1 3202 1XTE kX, j = 2,---,nand Wy, =
Zf:2 Viio k = 2,---,n. Let F; = O'{Xl, . 7XZ} be the o-field generat-
ed by {X;}j<;. It is easy to show that E(V,;|F;i—1) = 0 and it follows that
{Wok, Fr;2 < k < n} is a zero mean martingale. Let vy = E(V2|Fi_1),
2 <i¢<nandV, = Z?ZQ Uni. The central limit theorem (Hall and Heyde
1980) will hold if we can show

=1, (5.2)
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and for any € > 0,
> nPtr N (AR)E [Vé[ﬂvm\ o n—2tr(A§<))|fi_1] 2o. (5.3)

It can be shown that

i—1

1 _ _ i _
j=1 1<j<k<i
Then
v 9 nd
U Z]XTEJOKESOKX +2 ) XTI EE X

var(Wn) n(n — 1)tr(A%() 1<j<k<n

= nl + Cn2-
Simple algebras lead to
E(Cn) =1,

4
n2(n — 1)2tr2(A2

e
var(Cp1) = > AXTD R EE X ) - tr(AR)

Define I‘TE(;}(ZZCT)}(F = (wWki)1<k<i<m-Under the diverging factor model,

E(XT2 k331 X;)?) = E((z TTS | 2% Tz))%) = (Z Zwklzjkzﬂ>
k=11=1
m m m m
=220 > wnwaB(anzziszn) = (34 4) Z F
k=1 1=1 s=1 t=1 k#l
m
= (24 A)) wiy +tr(A%) < (34 A)tr(A%). (5.4)

1

>
Il

Under the condition (C2), E((X;“-FZ(_Q%(ZZ(;%(Xj)z) = o(tr?(A%)). Hence, var(Cy1) —
0 and then Cp; 5 1. Similarly, F(Chs) = 0 and

16 tr(A%)

var(Chpa) = n(n—1) trQ(A%() -
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implies Cpo 2 0. Thus, (5.2) holds. It remains to show (5.3). Since

E [zzif (\Zmr > n—%rm%a) m_l] < B(Z4|Fi) /(@n2t(A%))

we only need to show that

S B(Z}) = oln”'u?(A%).

=2
Note that
n n i—1 4
Y EZy)=0mHY B> mnX]X;
i=2 i=2 j=1
which can be decomposed as 3Q) + P where
n 1—1
Q=0n"%) Y E(X]S (X XIS X X[ X X]S | X)),
=2 s#t
n 1—1
O Y Y B (KT EAXL)Y).
=2 s=1

Note that Q = O(n_4)E((X;fFE(_9%(Xi)2) = o(tr?>(A%)) by similar arguments in
(5.4). Next, we consider the part P. Define T7T = (vg)1<1<m-

4
n i—1 m
P=0(n"®*)) > E(=T'Tz)")=0(n*))_E Z VkiZik %1
1=2 s=1 i#] =1
m
= O(n6)< Z v E (2 E(2) + szklvstE () E(z5) E(z5) E(25,)
k=1 kAL st

m m m m
+2) D v EGRIE(E) + DY Uklvktvstvle(ZiZk)E(ij'l)E(Zzgs)E(ij't>> -

k=1 s#t k#£l s#t
Note that tr*(A%) = (Es,t Vzt)Q = Zkls it viviy and

2

m
Z Vlﬁz Z Vil Z Z Ukzsvkt Z Vi |

k=1 k=1 s#t

Z kalvst < Z Vavin, Z kazvktvstvsz < Zwk‘l < Zwkl = tr(A%).

k£l st kst kAL st kAl
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Thus, under the condition (C2), P = o(n~*tr?(A%)) and then (5.3) follows
immediately. This complete the proof of (5.1).
Next, we will show that Tna = 0,(1/n~2tr(A%)). Obviously, E(Tns) = 0.

— 1
Here, we only need to show that E(T2,) = o(n~?tr(A%)). Define ¥« 28’]) =
(dst)lgsgtgp and Ip == (dst)lgsgtgp- By the Central Limit Theorem, \/ﬁ(dst —
dst) LN (0,¢2), where (2 is the corresponding asymptotic variance. Define

2 _ 2
Ofax = MaXi<g<t<p (5. As n,p — 00,

5o ~1/2 1/2
P <1<1?313‘;<p(dst dst) > 20maxn (logp) >

P P
ZZ ( st - dst) > 20max(logp)1/2>
s=1 t=1
V4 P
=2 (1 - @(20maC (logp)/?)) < pA(1 - @((410gp) %))
s=1 t=1
p2 21
<= e 4l08P 0.
=Verlogp

Thus, maxlgsgtgp(dst —dg) = Op(n_1/2(logp)1/2). And then,

B(T2%) < Cllogp)/*n~ /2 B(T2)
< Cllogp) 02 (WS 5k ) + n~2te(A%)) = o(n~2tx(A%)).

by the Condition (C3). O
5.3. Proof of Proposition 2

Proof. Similar to Proposition 1, we can show that

P m {(’) oL —OK} :1_O(n7/2pK+1€fnw2/2).

11,22,23,%4
11,12,13,%4

And similar to the argument of T},2 in the proof of Theorem 1, we can show that
A%) P4 SXs, X TEGh (X, - X0 (X, Xa) T2k (X, - X) + op(tn(A%)
T T T
PZZXEX szxz KX X130k X,

ZXTE ) X0, XIS X, + op(tr(A%)).
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Then, according to Theorem 2 in Chen, Zhang and Zhong (2010), we can easily
obtain the result. O
5.4. Proof of Theorem 2
Proof. Similar to Proposition 1, we can show that
P m {O{f}imm = (’)K} =1- O(n7/2pK+1e_"‘”2/2).
11,22,]1,J2
And then we have

1
Qn = (X 15, — X2j,)" Bk (X1, — Xaj) + 0p(y/n2tr(A%))
ning(ny —1)(ng — 1) ©
1724 2 1<y #ia<ny 1<j1 £j2<ns

1 T «w—1 1 2 : T -1
ni(ny —1) _ na(ng —1) _ 4~
1<ip #ia<ng 1<j1#j2<n2
ni ns

2 o -

i1=1j=1

Taking the same procedure as Chen and Qin (2010), we can easily obtain the

result. O
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