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(AENP). The AENP and GMC criterion have been developed to form GMC
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1. Introduction

Factorial experiments have broad applications in agricultural, engineering, and scientific
studies. A factorial design in which the numbers of levels of the factors are not all equal is
called a mixed-level or asymmetrical factorial design. Mixed-level factorial designs were first
introduced by Yates (1937). Factorial experiments with mixed levels are often encountered
in practice because the choice of factor levels may vary with the nature of the factor, espe-
cially, mixed two- and four-level fractional factorial designs, see Wang and Wu (1991), Wu
and Zhang (1993), and Wu and Hamada (2000).

One of main tasks in mixed-level factorial designs is to find optimal designs and analyze
experimental data effectively, so that more important effects and more possible models related
to the effects in experiments can be estimated. Under the effect hierarchy principle (EHP)
that lower-order factorial effects are more important than higher-order ones and that factorial
effects of the same order are equally important, many criteria have been employed to compare
fractions, such as maximum resolution (MR) (Box and Hunter, 1961), minimum aberration
(MA) (Fries and Hunter, 1980), clear effects (CE) (Wu and Chen, 1992), maximum estima-
tion capacity (MEC) (Sun, 1993), and general minimum lower-order confounding (GMC)
(Zhang et al., 2008) criteria. Among these criteria, MA criterion is the most popular one,
which is based on the word-length pattern (WLP). Many related topics have been studied
to gain insights into selecting MA designs, see Franklin (1984), Butler (2003), and Cheng
and Tang (2005). A nice summary of optimal criteria is given in Mukerjee and Wu (2006).
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However, MA criterion cannot reveal the relationships of the above criteria. Moreover, two
designs with the same WLP cannot be distinguished by MA criterion, and most of MA designs
are obtained by computer searching. In order to solve these problems, Zhang et al. (ZLZA for
short, 2008) introduced the aliased effect-number pattern (AENP) to judge two-level designs,
which contain the basic information of all factorial effects aliased with other effects at varying
severity degrees in a design. Based on the AENDP, they proposed GMC criterion and proved
that the MR, MA, CE, MEC, and GMC criteria can each be viewed as sequentially minimiz-
ing or maximizing the components of a corresponding vector function of the AENP. GMC
criterion treats the AENP as a set to compare designs and provides a unified approach for the
other criteria. Now the AENP and GMC criterion widely apply in two-level regular designs,
two-level block designs, two-level split-plot designs, see Zhang and Cheng (2010), Cheng and
Zhang (2010), Wei et al. (2010), Hu and Zhang (2011), Liet al. (2011), Zhang et al. (2011), and
Zhao etal. (2013). Zhang and Mukerjee (2009a, 2009b) extended GMC theory to general-level
designs by complementary sets.

In this work, we apply GMC criterion to select optimal 2"4™ design, which is a simple
type of mixed-level designs. Zhang et al. (ZYLZ for short, 2015) proposed GMC 2"4™
criterion, which is an extension of GMC criterion to the case of mixed-level designs. They
also constructed GMC 2"4' designs for N/4 + 1 < n+ 2 < 5N/16, where n is the number
of two-level factors and N is the number of runs. Li et al. (2011) provided a solution to
construct two-level GMC designs and obtained the fact that every GMC design was formed
by the last n columns of the saturated design in the Yates order under some conditions.
Based on some results of ZYLZ (2015) and Li et al. (2011), we aim to solve the construction
of GMC 2"4' designs with 5N/16 +1 < n+ 2 < N — 1. The remainder of the article is
organized as follows. In the next section, we review the definition of GMC 2"4™ criterion
and some notation. In Sections 3 and 4, we respectively construct GMC 2"4! designs with
5N/16+1<n+2<N/2+4+2 and N/2+3 <n+2 <N — 1. Proofs of some lemmas
and theorems are given in Appendix A. GMC 2"4! designs with 16 runs (n =4, ..., 11)
and GMC 2"4! designs with 32 runs (n = 10, ..., 14) are tabulated in Appendix B for
practical use.

2. Preliminaries

A design with n two-level factors and m four-level factors is said to be a 2"4™ design, which can
be constructed from the corresponding symmetrical orthogonal arrays through the method of
replacement (Addelman, 1962). Wu (1989) improved the construction method by introduc-
ing the method of grouping. Wu et al. (1992) and Wu and Zhang (1993) further applied the
grouping method to general designs. To explain the grouping method, we consider a saturated
2N~ design with k independent columns denoted by 1, 2, . . ., k and all possible interactions,
where N = 2¥, Any three columns of the form (a;, a,, a;) with a; = a,a, can be replaced by a
four-level factor without affecting orthogonality. We call a;, a,, and a; the three components
of the four-level factor. If we can find m triplets of columns of the form (a,, a,, a;), we can
obtain m four-level columns by repeated using of replacement. By grouping scheme, a large
class of OA(2*, 2"4™) can be constructed.

We first review some definitions and notation of GMC theory. A 2" regular design T is
called a GMC design if it sequentially maximizes the following sequence:

#C: (TCZ? #ZCZ’TC?H ;C3,§C2,§C3, ), (1)
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where IC; = (fC;O), fC;l), ...,fC;Kj)), K; = (3’), and fC;k) denote the number of ith-order
effects aliased with jth-order effects at degree k. We call (1) AENP of the two-level regular
design.

For any 2"4™ design, the interaction effects have three different cases: (i) two-level factors
and two-level factors, (ii) two-level factors and four-level components, and (iii) four-level com-
ponents and four-level components. ZYLZ (2015) proposed GMC 2"4™ criterion as follows.
Let ﬁioC;f‘;O be the number of ith-order effects aliased with jth-order effects at degree k, where
each ith-order effect contains i, components of four-level factors and each jth-order effect
contains j, components of four-level factors for iy < min{i, m} and j, < min{j, m}. The
larger the degree k is, the more severely the effect is aliased. For every pair of {(3, i), (j, jo)},
let

i,ig 7J:J0 i,ig7j,jo” o "j,jo* * * 72 iig T f. jo

G = (G0 L) o)

where K; = (;’) A 2"4™ design D is called a GMC 2"4™ design if it sequentially maximizes the
following sequence:

#C = (T,(pz,09 T’(pz,h TJCZ,O’ 3,(92,0’ g’(pZ,h 1‘é#’lc‘Z,(% 1‘é#’lc‘z,h .- ) 5 (3)

which is called the AENP of the 2"4™ design.
The following example is used to illustrate the above definition.

Example 1. Consider a 2°4' design D = {A, 3, 4, 1234} with 16 runs, where A = (1, 2, 12).
Under the assumption that the interactions involving three or more factor effects are absent,
the components of “C are

10D =@3), (LD =03), [CoDd)=0B) ;LoD =03),
;()CZ,I(D) = (0’ 3)’ §,1C2,0(D) = (65 3)7 ;1C2,1(D) = (9)
Then, 'C = ((3), (3), (3), (3), (0, 3), (6, 3), (9)).

In order to get GMC 2"4™ designs with given n and m, we need to obtain all the confound-
ing information among factors of 2"4™ designs. Generally, the confounding of effects is given
by computer algorithm. However, it is hard to get the alias relations of designs if the number
of factors and runs is large. Therefore, it is necessary to develop the construction method of
GMC 2"4™ designs. For 5N/16 + 1 < n 42 < N — 1, we construct GMC 2741 designs for the
following two cases: (i) 5N/16 +1 <n+2 < N/2+2,and (ii) N/2+3<n+2 <N -1,
where # is the number of two-level factors and N is the number of runs.

3. GMC 2"4" designs with5N/16 +1<n+2 < N/2 +2

For convenience, we introduce some notation as follows. Let H, be a set containing all
main effects and all interactions between two-level factors 1,...,r, and H; = {1}, H, =
{H,_y, r,vH,_}. For example, H; = {1, 2, 12, 3, 13, 23, 123}. Denote S,, = H,\H, for r < q
and F, = {r, rH,_,}. For any 2""? design T C H, and y € H,, define

B,(T,y) =#{(di,dy) : di,dy € T, didr =y},

which is the number of two-factor interactions (2fis) in T aliased with y. Based on Li et al.
(2011), the useful lemmas are shown below.
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Lemma 1. Suppose T is a 2"~? design with N = 2""P and T C Fy,. Then

0 y €E
B T, = ’ qq9» 4
A7) :BZ(qu\TaV)+”—N/4, y € H_,. 4)
Lemma 2. Suppose T is a 2"~ F design with N = 2" P. IfS,, C T (r < q), then
_ n— N/2, y € Sqr’
By(T,y) = {Bz(T\Sqrv V)+EN2—27Y, yeH,.

By Lemmas 1 and 2, we obtain the following result.
Lemma 3. Suppose T is a 2"~P design with N = 2""P. IfqS, 1, € T C qSq—1,,-1 (r < q), then

n— N/4, Y €841

BZ(T7 V) = !Bz(T\qu_Lr, ]/) + N/4 _ 21‘71, y c Hr'

Let D be a 2"4! design which combines a two-level regular design T and a four-level factor
A = (ay, a,, a1a,), where a;, a, are notin T. Denote D = {T, A} and Ty = {T, a;, a,}. A 2"4}
design can be generated from T, by grouping method if a,4, is not in T. Hence, it is easy to
see that, to construct a GMC 2"4' design D, we first have to consider the regular two-level
design T, and then select two different factors a, and a, with a4, not in T to form the four-
level factor. It is key to select T, as well as a; and a, from Ty, such that D has GMC. For
5N/16 + 1 < n+ 2 < N/2, the maximal resolution of Ty C Fy, is at least IV. In this case, we
have |, ¢(D) = {C,(T) = (n). Next | {,1(D) and | (G, o (D) need to be maximized.

Lemma 4. Suppose D is a 2"4" design with N runs. For 5N/16 + 1 < n+ 2 < N/2, up to iso-
morphism, D is a GMC design if Ty C Fyq and By (Fyg\ Ty, as) = 0. Further, ] { 1(D), | Co.0(D)
are sequentially maximized and

T Ca(D) = (N2—n—2,2n—N/242), | CoD) = (2,07 1),
where 0"~N/* denotes n — N/4 continuous zeros.

Proof. Consider D = {T, A} and Ty = (T, a,, a,}. If Ty C Fy,, clearly, a,,a, € F; and a; €
H,_,. By Lemma 1, we know that B,(T, a;) = 0 fori =1,2and B,(T, a3) = B,(F,\T, a3) +
n — N/4. Moreover, B, (F,,\T, as) = By(F\To, as) + By ({a1, a,}, as) > 1, we have

Bz(T, a3) >n —N/4+ 1.

The lower bound is achieved if B, (Fy \ Ty, as) = 0. Without loss of generality, let a, = g,
a, =12...gand T be the last n columns of F;;\a,. Then {gF,_, ;_1\a,} € T C Fj;and a; =
12...(q — 1). Thus, ,,\ Ty € gH,_,, and 2fi of F;\ Ty must be in H,_,. So B, (F;j\ Ty, as) = 0,
and B, (Fyy\T, a3) = 1. Asaresult, B,(T, a;) =n— N/4+ 1.

Since ’;Oczﬂf (D) = #{a :aas; = B,a, B € T} = 2B,(T, a3), we have *;chll) (D) =2(n—
N/4+1) and § CV(D) =n—7 £)(D) = N/2—n—2. Thus, | £,1(D) = (N/2 —n —
2,2n — N/2 + 2). Consider flCékO) (D) = #{a; : B,(T, a;) = k} for k > 0. When k =0, it is
easy to get ¥ (D) = #{a;, a,} = 2. For k = n — N/4 + 1, we have ¥ C{%) (D) = 1. Then,
1 Coo(D) = (2,0 N4 1), O

By Lemma 4, { (5 1(D) and | G, o(D) are sequentially maximized. Next we consider

5 &20(D).
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Lemma 5. Suppose D is a 2"4' design, Ty C Fyy and B, (Fyy\ Ty, as) = 0. Then

(n—N/4)(n—§(qu\To)), k=7’l—N/4—1,
¢ oWy = (n—N/4+1)(N/2—n—1), k=n—N/4,
2,0~2,0 = Wﬁ% §C§k7n+N/475) (ENTy), k> n— N/,
0, otherwise,
where § = 0 or 1 and
88 =#{y :y € H)\S,B,(S, y) > 0}. (5)

The proof of Lemma 5 is in Appendix A. By Lemmas 4 and 5, the following result is obvious.

Theorem 1. Suppose D is a 2"4' design with 5N/16 + 1 < n+ 2 < N/2. The design D has
GMC if {—g(F;)\To), 1C, (F)\To)} are sequentially maximized.

Since #{F,,\Ty} = N/2 — (n + 2), according to Li et al. (2011), when 2" +1 < N/2 —
(n+2) <27 for some r < g, {—g(F;)\To), {2 (E;y\ To)} are sequentially maximized in all
the designs with N/2 — (n + 2) factors and resolution at least IV, if and only if F;,\ T; consists
of the first N/2 — (n + 2) elements of F,,. Thus, T consists of the last # + 2 columns of Fy,.
We can obtain that gS,_, , € Ty € gS—1,—1. If Ty = qS4-1,,» thenay, a, € S, .. Otherwise,
there are two different cases for a,, a,: (i) both a, and a; are in ¢S,_, ,, (ii) for a, and a,, one
is in gS,_1,, and the other is in Ty\gS,_1,,. The following theorem shows us that the latter is
better than the former.

Theorem 2. Suppose D is a 2"4" design and qS,_,, C Ty C qSg-1,-1. If a1 € Ty\qS,—1,, and
a; € qSq—1,r, then the design D has less GLOC than others and

(n—2"4+1)(n— N/4), k=n—N/4—1,
(N2—n—1)(n—N/4+1), k=n— N/4,
SO =1 (k+D#ly :y e Hion” =0}, k=N/4—2""1-2+0,
v=0,1,...,(g/2],

0, otherwise,

where n” is the number of 2fis of To\{qS,-1,r, a1} aliased with some y € H;_, and g =
#{To\qSq—1.r}> | g/2] is the integer part of g/2.

The proof of Theorem 2 is in Appendix A.
Based on the above theorem, the best choices for a; and a, are obtained and the GMC
designs can be constructed.

Theorem 3. Suppose D is a 2"4' design with 5N/16 + 1 < n+ 2 < N/2. Up to isomorphism,
the design D has GMC if Ty consists of the last n + 2 columns of Fy, and a,, a, are the first and
last columns of Ty, respectively.

Proof. Denote G = Ty\gS,-1,, and g = #{G}. Consider two cases of G.

(a) G# ®. By Theorem 2, maximizing §,0C2,0(D) equals to maximize #{y :y €
H,_1,n” = v}, i.e.,, maximizing 1C,(G\ay). On the other hand, g(G\a;) ={y : y €
H\{G, a1}, and B,(G\a,,y) > 0} = 271 — 1 for some ¥ < q. We only need to
sequentially maximize the components of {—g(G\a,), iC;(G\a;)}, where G\q, is a
(g — 1)-factor design with resolution at least IV and 2" < g — 1 < 2”*!. According
to Li et al. (2011), {—g(G\a;), {,(G\a,)} is maximized if and only if G\a; consists
of the last g — 1 columns of F,. That is to say, a; must be the first column of T;. For
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any a; € 4S,-1,r» the design is isomorphic. Without loss of generality, a, can be the last
column of Ty, thatis, a, = 12...4.

(b) G=d,ie, Ty = qS;-1,,. By Lemma 3, for a,, a, € Ty, the design with a; € S,_, , has
less GLOC than a design with a; € H,. Further, forany a,, a, € Ty, wehaveas; € S;_; ;.
Up to isomorphism, a; and a, can be the first and last columns of Tj. O

Example 2. Construct a GMC 2*4' design D with 16 runs. Obviously, n = 4 and N = 16. By
Theorem 3, take T to be the last six columns of Fy4, that is,

To = {24, 124, 34, 134, 234, 1234}.

Moreover, a; = 24, a, = 1234, a; = 13, and T = {124, 34, 134, 234}. Thus, the GMC 244!
design D = {A, 34, 134, 234, 1234}, where A = (24, 1234, 13). Up to isomorphism, factors
24,13, 124, 34 are replaced by factors 1, 2, 3, and 4, respectively. Then,

D =1{(1,2,12), 3, 4, 134, 23},
which is just an MA design given in Table 2 (n = 4) of Wu and Zhang (1993).

4. GMC2"4" designswithN/2+3 <n+2 <N -1

For n > NJ/2, the resolution of a 2"~ design T is IIL Since § (5 o(D)={C«T), {CAT) should
be maximized first. If 27! < N — 3 — n < 2" — 1 for some r, H,\T has r independent fac-
tors. Therefore, by Theorem 1 of Li et al. (2011), {C,(T) is maximized if S;, € T C S, ,—1. As
a result, D can be rewritten as D = {D\S,,, S;,} and | (C, ((D) is maximized. Next, we will
maximize | C, | (D), ] (C, o(D),and} C, (D). For simplification, let n; = #{T\S,,}.

Lemma 6. Suppose D = {D\S,,, Sy}, where Sg € T C S, ,_1. Then
O (D\S,), k<3,

# (k) —
D= +N -2, k=3
1,0~2,1 qr ’ -

1,0~2,1

Proof. Since ay, a,, a; € H,, for any y € S,,, there exists d;, d,, d5 € S, satistying a,d, =
a,d, = asd; = y.Each y € S, is added to the class of’; ;31) (D), the total number is N — 2",
Only D\S,, needs to be considered for other cases. The result is obtained. O

Since z,ocz,o (D) = 1C,(T), the following result is obvious from Lemma 4 of Li et al. (2011).

Lemma 7. Suppose D is a 2"4" design and D = {D\S,,, S,}. Then,

constant, k<N/2—-2"1—-1,
—(k+ DZ(T\Sy) + CO(T), k=N/2—-2"""—1,
2 La0(D) = 1 KL (T\s,,), k=N/2—27" o,
v=0,1,...,[n/2),
0, otherwise.

Two different cases are respectively discussed in the following.

4.1. GMC2™4' designs with2'> +1<n,+2 < 2"
Based on Lemma 4, we can get

T.ocz,l(D\Sqr) = (2#1 —n—2,2nm =27 4 2).
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By Lemma 6,
oD =@ = —2,2n, -2 42,0,N-2").
For any a; € H,, there exist N/2 — 2"~! pairs of 2fi’s aliased with a; for i = 1, 2, 3. Thus,
1 Co(D) = (0N -2t 1 Coo(D\Sy)). As a result { (G 1(D) is maximized. By Lemma 4, we
have] (C, (D\S,,) = (2, 0m~2"" 1). Further, 1 C, ¢ (D) is maximized. Next we will maximize

5 Cs.0(D), which is completely determined by the small design D\S,,.
According to Cheng and Zhang (2010), let

(1 Si) S ()
X‘(—l 5, (0) Sz<t))’ (©)

where 1isa 2! x 1 vector of I's. S(t) = (S,(¢), S»(t)) is the resolution IV design with 2~*
runs and 272 factors, S; (¢) is any column of S(¢). Thus, (6) can be rewritten as

X=X, %, ..., Xp24,),
where X; is the ith column of X. Doubling X g — ¢ times, we can obtain
DU X) = (D(qft) Xy), D(qf")(Xz), e D(qit)(th—erl)) )
Denote D@ (1) = (DY~ (D' (1)\X), D9 (X)), which is said to have RC Yates order.

Theorem 4. Suppose D\S,, is a 24" design with 2" runs and D\S,, = (T, A}

(a) For 5-2"/164+1 < n; +2 < 27!, D\S,, is a GMC design, up to isomorphism, if T
consists of the last ny + 2 columns of F,, and a,, a, are the first and last column of T
respectively.

(b) For 21+ 1)27 /2" 41 <m +2 < 224 1)27/2' (4<t<q), D\S, is a GMC
design, up to isomorphism, if a is the first column of D7 (X)) and a, is the first column
of D' (X,), where (T, a,} consists of the last ny + 1 columns of D17 (X).

Based on Theorem 3, Theorem 4 (a) is obtained. Meanwhile, by ZYLZ (2015), Theorem 4
(b) is obtained. Combining D\S,, and S, the GMC 2"4' design D is obtained.

4.2. GMC2"4'designs withn, +2 < 2"

In this case, the resolution of T\S,, is at least IV, then TCék)(T\Sq,) =0 for k > 0. Thus,
’1‘,0(32O (D) is maximized. Up to isomorphism, let T\S,, € F,. For n; +2 < 22, EA{T\S,}
has no less than 22 factors. It is easy to find ay, a, € E,\{T\S,} such that B,(T\S,, a;) =0
(i=1,2,3). For example, let a; = r,a, = (r — 1)r, and {T\S,} be the last n; columns of
E,. By Lemma 2, B,(T, ;) = N/2—2""", s0 | C, o(D) = (0N2=2""" '3 For any y € S,
there exist dy, d,, ds € S, satisfying a,d, = a,d, = asd; = y when ay, a5, a; € H,. Thus,
{Co (D)= (n—N+2,0,0,N —20).

By computation and three steps (see the proof in Appendix A), the following result is given.

Theorem 5. Suppose D is a 2"4' design with N runs. Then, forn > N/2andn + 2" — N < 2"2,
the design D has GMC if T consists of the last n columns of Hy and a; = r, a, = r(r — 1).

The proof of Theorem 5 is given in Appendix A. The following example is used for illus-
tration of Theorem 5.

Example 3. Construct a GMC 2'%4! design D with 32 runs. Since n = 18, N =32, ¢ =5,
r=4,onehasn > N/2,n+ 2" — N < 22 By Theorem 5, D = {A, 234, 1234, Ss,} isa GMC
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2'84' design, where A = (3, 4, 34) and Ss4 = Hs \ H,. Clearly, D \ Ss4 is an MA design with
32 runs. By Theorem 1 of Li, Liu and Zhang (2007), D is also an MA design with 32 runs.

5. Conclusions

Zhang et al. (2015) extended the GMC theory to mixed-level case. Under this theory, a new
criterion is established for choosing optimal regular two- and four-level designs, and all the
GMC 2"4! designs for N/4 + 1 < n+ 2 < 5N/16 are constructed. In this article, a construc-
tion method is proposed to obtain all the GMC 2"4' designs for 5N/16 + 1 <n+2 <N — 1.
Tables 1 and 2 in Appendix B provide GMC 2"4' designs with 16 and 32 runs for practical
use. This method is possible to be extended to the construction of GMC 2"4™ designs, and
further for GMC s"(s*) or s"(s*)* designs with general level s. This is an open problem for
further study.
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Appendix A: Proofs

Proof of Lemma 5:
By Lemma 1, we get By (T, y) = By(Fy\T, y) + n — N/4. The connection between Fy,\ T
and F,\ T is very important, we study it now.

BZ(qu\T’ Y) = BZ(qu\TO Ula, a}, y) = B2(qu\T0s Y)
+#{d:ad=y,d e E,\Ty,i=1,2} + #{(a1, ay) : a1a, = y}.

If y=a; then #{(a;,a):aa; =y} =1, #ld:ad=y,d e F)\T;,i=1,2} =0, and
B, (Fy\ Ty, as) = 0. Further, B,(T, as) = n — N/4 + 1. If y # as, we have #{(a,, a,) : a1a, =
y}=0.Letd§ =#{d:ad=y,d € F)\Ty, i =1, 2}, then

By(T, y) = By(Fy\Ty, y) +n— N/4+ 6, (A1)

where § is no more than 1. Otherwise, there exist d,, d, € F;j\Tj such that a,d, = a,d, = y.
Then a; = d,d, and B, (Fj)\ Ty, as) > 0, which contradicts to the condition B, (Fj,\Tp, a3) =
0.

When B, (F;j\Ty, y) = 0, there are three different cases: (i) § = 0, thatistosay,d;, d, € T,
(ii) y = a3, and (iii) 6 = 1, that is, one of di, d, is in T, the other is in F;\ Ty. Without loss of
generality, suppose d, is from T and d, is from F;,\ Ty. It can be written in the form:

#{V : V € qul’ BZ(qu\T()v J/) = O}
= #{'}/ : '}/ S Hq—ly a1d1 = azdz = )/,Bz(T, '}/) =n —N/4, dl, d2 S T} —I—#{a3}
+#{)/ Ly € qul’ a1d1 = a2d2 =Y, Bg(T, )/) =n-— N/4+ 1, dl S T, d2 (S qu\To}.
(A2)
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Forany d, € F,;\Ty, we can find d, € T satisfyinga,d; = a,d, and B,(T, y) = n— N/4 + 1.
Then,

#{)/ Ly € Hq—la aldl = a2d2 =Y, Bz(T, )/) =n-— N/4 + 1, d] € qu\To, d2 € T}
= #{d; 1 d; € E,\ Ty} = N/2 — (n+2). (A3)

On the other hand, we have
#y 1y € Hiy, By(E\To, y) = 0} = N/2 — 1 — §(F,,\T). (A4)
By Equations (A2)-(A4),
#ly:y €eHy,aidy =a,d, =y,B,(T,y) =n—N/4,d,,d, € T} = n— g(F,\Ty).
Then, fork=n— N/4 — 1,
5OV V(D) = (n— N/4Y (n — g(E\Ty)).
When k = n — N/4, by Equation (A3),

PN (DY = (n— N/4+ 1)(N/2 — (n+2) + #{as})
=(m—N/4+1)(N/2—n—1).

When k > n — N/4, by Equation (A1), the following equation is obtained.

k+1 _ _

# k) #~(k—n+N/4—8)

D) = E\Ty).

2, 20(D) k+1—n+N/4-6§ 2 (Faq\To) 0

Proof of Theorem 2:

There are two cases to be considered.

Case 1: Ifa; € To\gS4-1,» @2 € qS4-1,, and k = n — N/4 — 1, by Lemma 3, y must be in
Sg—1,r- Inthis case, the alias set has the form {y = a;t; = axt,, t1,t, € T}, thent, €
qS4-1,-Sincea, € S, ,andt, € Fy, \ Tyalsoleadstoa,t, € S, .. However, this
case should be excluded. Moreover,

#{]/ : B, (T, )/) =n-— N/4, Y € Sqflyr} = #{)/ Yy =ait) € Sqflyr, t € qsqflyr}
—#Hy 1y =ayty, € S0, 1 € Fy\ Ty} — #{as}
=(N2-2)—(N2—n—2)—1=n—2 +1.
When k = n — N/4, by Lemma 5, the result is obvious. If k > n — N/4, y must be
in H,. The smallest integer 7 is N/4 — 2"~' — 2 such that B,(T, y) > n — N/4. By
Lemma 3, for k > N/4 — 2"7! — 2,
#y :By(T.y) =k+1,y € HJ}
=#{y : B2(qS4-1.-\{a2}, ¥) + Bo(To\{gSq-1.r- e}, ¥) = k+ 1,y € H}
=#y :N/A=2"" =1+ By(T)\{gS4-1,, i}, ¥) =k + 1,y € H).

Denote n” = B,(To\{qSq-1,r, a1}, ¥) and k = N/4 — 271 — 2 + v, we can get the
result

FCR(D) = (k+ D#fy 1y € H,n' =0v).

Case 2: Supposeay, ay areinqS; 1, 8.t., a3 € Sy_y ;. In the casek = n — N/4 — 1, y must
be in S,_; , and the alias set has the form {y = a,t; = axt,, t;,t, € T}, then
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#{y : By(To\{a1, a2}, y) =n—N/4,y € S4_1,}

=#y:v €St —#y:y=ath €S41r 0 € Fy\To}
—#y 1y = ayty € Sq_1.r, 1y € Fig\To} — #{as}

—(Nj2—2")—2(N/2—n—2)—1

=2n—N/2-2"4+3<n—-2"4+1 (for n+2<N/2).

So Case 1 has less GLOC than Case 2. O

Proof of Theorem 5:

By Lemma 7, the GMC design must maximize {—g(T\S, ), ¥C:(T\S,,)}. Since the
resolution of T\S, is at least IV and 272+ 1 < #{T\S,} <2°! for some s<r.
{—g(T\S;), IC,(T\S,,)} is maximized if and only if T\S,, consists of the last n — (N — 2")
columns of F, by Li et al. (2011). Combining S,, with T\ S,,, T consists of the last # columns of
H,. According to the above proof, since a;, a, € E,\{T\S,,} satistying a,a, € (r — 1)H,_,, we
have { (0,1 o151 Co0s 5 (Ca.0 of D are maximized. Without loss of generality, let a; € rH,_,
and a, € r(r — DE_;, 5\{T\S,}, thenas € (r — 1)H,_,.

Next we will maximize §,0C2,1(D). Onlyift; € Sy, t, € T\Sy (or t; € Sy, ty € T\S,), the
alias set has the form a,d, = a,d, = asd; = t,t,, where d,, d,, d; € T. Then

FO(D) =#{(t, 1) ity € Syt € T\Sgr} = (n — (N — 2))(N — 2).

There are three cases of 5 C, | (D) for 0 < k < 3.
(i) Ifd, € T\S,, d, must be in rH,_, and d; must be in H,_,. Then B,(T\S,,, a1d,) = 0,
By(T, aydy) = By(Syy, ardy) = N/2 =27,
(ii) If d, € T\Sy, di must be in rH,_, and d; must be in H,_,. Then By(T, a,d,) =
By(T\Sy. ady) + N/2 — 2.
(iii) If ds € T\Sy, di, d, must be in H,_;. Then B,(T\S,, asds) =0, By(T, asds) =
B, (S, asds) = NJ2 — 2.
All of the above cases are k = 1,505 (53 (D) = 0,5 C3') (D) = 0,and

POy =" " By(T. avdy)

i=1,2,3 diET\Sq‘r

=3(n— (N=2)NIN2=2)+ Y BuT\Sy, drdh),

dreT\Syr

P ON(D) =n(n—1)/2= "5 CF(D) = constant — Y By(T\Sy. ardhy).
k>0 dyeT\Sqr

We will minimize ZdzeT\sqr By(T\Sy, axd;). Let G=T\S,, and g = #{G} =n — (N —
2"). Since G consists of the last ¢ columns of F,,, we only need to minimize ) hec B2(G, ard,)
for a, € r(r — 1)H,_,\G. There is a simple method to find d,.

First set N; = 2", then go to P1.

Pl: If g <N;/4, let a=r(r—1), by Lemma 1, ZdzeG B, (G, a,d,) = 0. Stop the

computation.

P2: Ifg > N, /4, B,(G, aydy) = B,(G\r(r — 1)(r — 2)H,_3, a,d>) + ny — 2"*. Go to P3.

P3: Replace Gas G\r(r — 1)(r — 2)H,_3, gas #{G\r(r — 1) (r — 2)H,_3} and N; as N /2.

Repeat P1 and P2.

The above method shows a, = r(r — 1) is the best one in any cases. For any a; € F,,_,, it

leads to the isomorphic design, without loss of generality, let a, = r. O
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Appendix B: GMC 2"4" designs with 16 and 32 runs

Table 1. GMC 2"4' designs with 16 runs.

# # #
1.0C2,0’1,0C2.1’1,1C2.0’ WLP c.C
n lumn # # # # 14
Columns 56200 5.8 21 22,00 2. 2 (Ayp, Agp)s - - 6. 6
@), 2,2), 20, )5
4 (24,1234, 13), 124, 34,134, 234 (6), (1,4,1), 0,1),(0,2) oa
(6,6), (11,1) '
(5), (1,4), (2,0, 1), -
5 (14,1234, 23), 24,124, 34,134, 234 (4,6), (2,4, 4), 0,2), (1, 4) 0
(5,8,2), (7,8) '
(6), (0,6), (2,0,0,1) (0,3), (3, 8), 0.2
6 A, 14,24,124,34,134,234 (0,12,3), (3,0,12), (0, 0), (0, 0), 06
(6,0,12), (6,12) (0,1 ’
7, (0,0,3,4), (0,9), (7,0), 0.0
7 A Fag\(4) (0,0,0,3), (0,0,21), (0,12), (0, 0), 00
@1, 1), (6,15) (0,3) '
(8), (0%,8), (0,12), (14, 0), 0.0
8 Ay Fy (04, 3), (03,28), (0,24), (0, 0), 00
(28), (28), (0, 0, 24) (0,12), (1,0) .
(0, 850, 0,1),(1,0,0,8), 4.12), (14, 12),
o ABE ©°3), (80,0,28), (8.24), (0,24) 0.0
23 Fag (8,12,0,8), (0,24, 0,0,3), @101 0,0
(3,0,24) il
(0,0,8,0,2), (0,2, 8), (8,13), (18, 24),
(04,2,1), (0,16, 0,24, 5), (16, 32), (8, 48), 0,0
0 A1823.k (13, 8,8, 16), (8,42), (5.24) 0.0
(0,0,24,0,6), (2,4,24) (0, 8), (0,0), (0,1)
(0%,8,3), (12, 115), (26, 36),
(0,0,3,8), (0°,3) (28, 48), (24, 84), 0.0
1 Ay 3.13,23,F,, (03, 24,16, 15), (20,102), (13, 60) 00
(15,0, 12, 28), (4,24), (0,12) '
(04,30, 3), (0, 30, 3) (0,3)

Note: 1. Ay = (1,2, 12), A, = (4,1234,123), A, = (3,123,12), F,, = {4,14, 24,124, 34,134, 234, 1234}.
2. ¢; and ¢, are the numbers of clear two-level main effects and 2fi’s respectively, and ¢, and ¢, are the numbers of clear
four-level components and clear 2fi's containing four-level components.
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Table 2. GMC 2"4' designs with 32 runs.

Columns

#
f,OCZ,O’ 1,0C2,1’ ‘;I*,'FZ,O’
# # # #
2,0C2,0’ 2,0C2,1’ 2,'F2,0’ 2.'F2.1

WLP
(A3p) Az -

GG
96

10

n

12

13

14

A, 135 ~ 2345

A 35 ~ 2345

A 125 ~ 2345

A}, 25 ~ 2345

A, 15 ~ 2345

(10), (4,6),(2,0,0,1),
(0,6,27,12), (3,27,15),
(10,0, 6,11,3), (18, 12)

), 3,8), (2,03, 1),
(0,0,24,16,15), (4,27,24),
(11,0,0,16, 3, 3), (17,16)

(12), (2,10), (2, 0%,1),
(03, 36, 15, 15), (5, 20, 41),
(21,0%,12,12), (12, 24)

(1), (1,12), 2, 0°, 1),
(0, 60, 18), (6, 6, 66),
(13, 0, 24, 2), (15, 24)

(14), (0,14), (2,08, 1),
(0°,84,7), (7,0, 87),
(14, 09, 28), (14, 28)

(0,3), (16,19),

(0,13), (12, 27),

(0,13), (3,17),
(0,3),(0,1)

(0,4), (26,25),

(0, 20), (24, 52),

(0,28), (13, 46)
(0,12), (0, 4),
(0,0), (0,1)

(0,5), (38,34),
(0, 28), (52, 88),
(0,62), (33,108)
(0,28), (4,24),
(0,5),(0,2)

(0,6), (55,44),
(0, 40), (96, 144),
(0, 16), (87, 232)
(0,72), (16, 80),

(0,7), (77, 56),
(0,56), (168, 224),
(0,203), (203, 464)
(0,168), (56, 224),

(0,77), (7,56)
(0,0), (0,0), (0, 1)

Note: 1. A; = (5,12345,1234), f; = {5, 15, 25,125, 35, 45, 145, 245, 1245, 345, 1345, 2345, 12345}.
2. {a ~ b} means all columns from a to b of F;.
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