Supplemental Material for
“Multivariate-sign-based high-dimensional

tests for the two-sample location problem”

This supplemental file contains some more discussions on the proposed SS test, all the

technical proofs and some additional simulation results. The following materials are included:

Appendix B: Additional Simulation

Appendix C: Discussion about non-negligible biases

Appendix D: Proofs of Lemmas and Proposition 2

1

Appendix E: Some properties of r~

Appendix F: Discussion on the test using sparse covariance matrix estimates



Appendix B: Additional Simulation

First, we add some simulation results when p < n. Table A1l reports the empirical sizes of
SS and TS tests with different sample sizes and dimensions. The sample size n; is chosen
as 20,50 and 100 and the dimension p = rn;, where r = 0.2,0.4,0.8. Table A3 reports the
empirical size-corrected power of these two methods with the similar settings to those in
Table 1 in the paper. The results are similar to those in Table 1; Our SS test still performs

better than the TS test in most cases.

Table Al: Empirical size comparison at 5% significance under Scenarios (I)-(V) when p < n

n;
Scenario r 25 50 75 100
SS TS SS TS SS TS SS TS
(I) 02 65 57 65 39 53 45 72 5.1
04 65 26 46 39 57 29 54 23
0.8 60 25 65 08 48 1.7 6.8 1.3

(IT) 02 70 53 70 40 58 45 69 45
04 66 26 52 27 59 38 58 26
08 60 09 64 15 46 18 65 1.1

() 02 60 50 65 47 57 43 74 50
04 58 47 45 36 53 27 54 34
08 57 17 63 11 48 11 64 10

04 52 46 58 43 56 42 58 43
08 47 12 45 26 55 1.4 6.0 1.6

04 59 38 44 33 56 40 55 41
08 58 08 64 1.7 49 16 65 19

Next, we consider the case p > n. Here we also include the test proposed by Feng et al.



Table A2: Empirical size-corrected power comparison at 5% significance under Scenarios

(D-(V) when p <n

Equal Allocation Linear Allocation

p =40 p = 60 p =40 p = 60
Scenario % SS TS SS TS SS TS SS TS
(I) 50% 43 19 67 25 41 18 67 23
95% 67 40 84 46 44 35 72 41

(11) 50% 81 34 98 49 82 36 98 49
9%5% 99 74 100 8 91 78 100 88

(III) 50% 68 26 92 44 68 28 91 35
9%% 73 62 9 76 77 63 97 81

(IV) 50% 92 56 94 76 99 49 98 75
95% 100 77 100 89 100 75 100 86

(V) 50% 75 35 95 48 75 37 94 48
9%% 7 70 98 82 83 72 98 83

(2014) (BF). Table A3 reports the empirical sizes at a 5% nominal significance level with
(ns, p) = (25,120), (50, 480), (50, 1440). The empirical sizes of SKK, BF and GCT are a little
conservative under the Scenario (III)-(V). It is not strange because all these methods are
based on the diverging factor model or a strict moment condition. Tables A4, A5 and A6
show the empirical power of all these six methods with the same settings as those in Table
3 in the main paper. Now, the BF test performs similar to SKK in most cases and is less

powerful than our SS test under non-normal cases.

Next, we show some results of the empirical sizes and power of these six methods under
the moving average models (VI)-(IX). Because the empirical sizes of GCT largely deviate
from the nominal level, we also tabulate the size-corrected power of GCT (GCT*; the last

column). GCT* is not as powerful as the other scalar-invariant tests under these scenarios.



The comparison conclusion drawn in the paper still holds here. The SS test can well
control the empirical sizes in most cases, though it is a little conservative when p/n; is
large. Our SS test outperforms all the other tests under the non-normal cases. Under the

non-normal distributions, the advantage of our SS test is obvious.

Table A3: Empirical size at 5% significance under Scenarios (I)-(V)

(ni, p) Scenario Size
SS  SKK CQ BF GCT
(25,120) (1) 4.0 9.1 5.6 6.5 3.6

(11) 42 91 55 65 26
(111) 38 50 57 43 21
(IV) 34 49 42 33 16
(V) 32 37 60 29 13
(50,480) (1) 49 74 56 59 42
(11) 39 73 54 60 51
() 47 39 60 33 26
(IV) 48 50 66 36 35
(V) 49 44 62 47 26
(50,1440) (1) 44 50 70 53 34
(11) 44 50 72 54 46
() 44 16 60 26 25
(IV) 32 14 60 20 40
(V) 42 10 59 25 25

Finally, we compare our SS test with another method. Here, we simply applied scaling by
the sample variance instead of our estimates D. The corresponding test is denoted as SS*.
We consider the multivariate mixture normal distribution M N, - 100. X;;’s are generated
from ~v£,(0;,R;) + (1 — ) f»(0;,100R;) and v = 0.8. The other settings are the same as
(V), except that n =: ||@; — 0,]|?/+/tr(2,?) + tr(X3) = 0.01. Table A8 reports the empirical

sizes and power comparison between SS and SS*. We can observe that the proposed SS
test performs slightly better than SS* test. This demonstrates the usefulness of our robust

estimators.



Table A4: Empirical power comparison at 5% significance under Scenarios (I)-(V) with

p =120, ny =ny =25

Scenario % Equal Allocation Linear Allocation
SS SKK CQ BF GCT SS SKK CQ BF GCT

(1) 50% 31 43 38 38 26 32 43 39 38 28
95% 38 51 45 45 16 33 45 38 39 12

(IT) 50% 74 85 38 82 66 75 84 39 79 64
95% 83 91 44 88 29 76 85 39 82 18

(IIT) 50% 59 41 41 36 26 57 39 40 36 23
95% 67 48 49 43 13 60 42 44 37 9.1

(IV) 50% 76 69 43 61 49 82 71 45 65 41
95% 83 89 50 85 15 93 62 44 54 10

(V) 50% 65 39 40 35 23 65 39 41 34 21
9%5% T4 47 47 42 12 66 39 41 35 8.5




Table A5: Empirical power comparison at 5% significance under Scenarios (I)-(V) with

p:480,n1=ng:50

Scenario % Equal Allocation Linear Allocation
SS SKK CQ BF GCT SS SKK CQ BF GCT

(I) 50% 73 81 79 T8 73 72 81 7T T8 72
9%5% 76 83 79 80 62 73 80 TrTT 52
(IT) 50% 100 100 80 100 100 100 100 79 100 100
95% 100 100 84 100 98 100 100 81 100 93

(I1T) 50% 97 75 873 67 97 75 79 73 69
95% 100 78 82 77 56 99 75 80 73 49

(IV) 50% 100 96 82 93 90 100 96 81 95 89
95% 100 97 84 95 78 100 95 83 92 63

(V) 50% 99 76 76 76 73 99 7 % 77 67
95% 100 80 81 80 61 99 7 s 17 50




Table A6: Empirical power comparison at 5% significance under Scenarios (I)-(V) with

p = 1440, n; = ny = 50

Scenario % Equal Allocation Linear Allocation
SS SKK CQ BF GCT SS SKK CQ BF GCT

(I) 50% 77 82 84 82 80 7 82 84 82 79
9%5% 78 83 84 82 75 76 82 84 83 71
(IT) 50% 99 100 8 100 100 99 100 8 100 100
95% 100 100 8 100 100 100 100 8 100 100

(I1T) 50% 97 60 8 69 69 98 61 86 69 67
95% 98 63 8 72 61 98 62 85 70 62

(IV) 50% 100 92 87 91 88 98 92 87 92 91
95% 100 94 87 94 85 100 95 84 96 82

(V) 50% 99 63 84 76 75 98 64 85 76 71
95% 100 67 8 77 68 98 65 85 76 67




Table A7: Empirical size and power comparison at 5% significance under Scenarios (VI)-(IX)

with p = 480, n; = ny = 50

Scenario % Size
SS SKK CQ BF GCT GCT*
(VI) 6.2 4.7 5.0 4.3 24.8 -
(VII) 6.1 8.0 7.8 4.7 23.4 =
(VIII) 5.3 6.0 6.5 5.3 23.3 -
(IX) 5.1 5.3 8.2 5.0 25.9 -
Equal Allocation
(VI) 50% 42 45 43 42 74 29
95% 61 48 47 43 83 2.9
(VII) 50% 64 56 45 36 87 30
95% 99 90 50 66 98 2.4
(VIII) 50% 42 45 45 44 77 30
95% 58 52 49 49 83 2.6
(IX) 50% 44 44 45 41 7 28
95% 61 51 49 44 82 2.6
Linear Allocation
(VI) 50% 44 46 44 43 79 21
95% 59 45 43 41 66 0.7
(VII) 50% 79 67 46 43 93 21
95% 100 96 47 76 85 0.6
(VIII) 50% 44 47 45 43 80 19
95% 55 49 46 46 66 1.0
(IX) 50% 45 44 44 40 78 17
95% 58 48 46 42 67 1.4




Table A8: Empirical size and power comparison at 5% significance

(ni,p) % Size Equal Allocation Linear Allocation
SS*  SS SS* SS SS* SS
(25,120) 50% 3.6 3.5 34 39 34 39
95% - - 40 48 34 41
(50,480) 50% 3.8 4.2 88 91 89 91
95% - - 91 93 89 91
(50,1440)  50% 2.3 2.1 89 93 91 93
95% - - 90 93 91 94

Appendix C: Discussion about non-negligible biases

A natural idea is mimicking Chen and Qin (2010) (or Bai and Saranadasa 1996) and con-

sidering the following test statistic

G — Z:L;i] Vﬂvlj 4 Z:L;] V%;V% 22?:11 Z;Lil V?z’v?j
n — i .

nl(nl — 1) ng(ng — 1) N9

where V;; = U(X;; — 0) and 8 satisfy S22 > U(Xij — 0) = 0. If the sample spatial
median 6 in G,, is replaced by the true value 0, it can be shown that under null hypothesis
the resulting test statistic G, satisfies
G, d
WHN(OJ), as n — 00, p — 00, (A.1)
which is parallel to the null distribution of Chen and Qin’s (2010) test. Unfortunately, this
result is not valid for (z,, since the sample spatial median 0 is only root-n consistent. When
p is fixed, this is acceptable because it does not affect the asymptotic properties of G,,.
However, this substitution would yield a bias-term which is not negligible when n/p = O(1).
Even worse, when n/p = o(1), the test based on (A.1) would have an asymptotic size 1 under

Hy. In addition, it seems difficult to calculate the bias numerically in a high-dimensional

setting.



Here we provide the detail calculation of the bias term of (G,,. Taking the same procedure

as Lemma 3 and the assumption that the spatial median of X;; — 6, is unique and zero, we
can show that, for k = 1,2
6=6+ A ZZV’% (1+0,(1)),
Mk k=1 i=1
where A4 = éll‘i(:[p — Ql) -+ 62(1 — /ﬂ?)(:[p — Qg), Qk = E(V]“ng), 6k = EHX}W — OkH_l,
f]m' = HX]% — 0k|| and sz = U(Xkl - 0k> Then,
1011*

. 1 .
VU = Vh' — ~—[Ip — VthTZ]B Vlz + Op( 1).
714 27"11
Note that
E(V1Vy;)
1 T 1 rs 1612
=F V,——I|1,—V3;V;.]0 — ——V3; Vv — L, — V;V§ 9 —V
1 fu[ p — V1iiVy] o2 V1 1j — 7“1][ 1; Vil 22, V1
T _ LA o o\ 16117
=E(ViVyy) =2E | —0 [L, = ViiVy[Vy; | = 2B | -V Vi
17 17

1~ 2
+F (geT[Ip VLV, vUVTw) 28 (”2” v, - vuVTw)

|1 | )
+E (”2?@ 1iV1j)> + O(n_Q) E(V%;Vl]) 2A1 — AQ + Ag + 2A4 + A5 —+ 0(n 2),

It can be verified that

Ay = %tr [ALN(I, — Q1) ] (14 0(1));

Ao = B [AR] (1+ o(1)) = o)
Az = 3E(~—2) (AL, — AL + — E(~—2) (AL, — Qi°AL Q)
ny — 2

+—— E( )t (AT, — 9]PAL! Ql) + o(n™?);
Ay = E(7*)0y(n™") = o(n™?);
As = E(7*)0,(n"?) = o(n™?),
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where 7, = || Xk — Ok|], £ = 1,2. Combining all these, we know that

1

2 1
S)tr (AL, — QA + EE(ﬁ)tr (AL, — QJAT'Q)) + o(n7?).
1

Taking the same procedure, we can obtain that

N 2 n 1
E(VIV,)=— ftr [ATNT, — Q)] + n—;E(ﬁ)tr (ATY[I, — Q?AT'Q))

2

ne—2 1 2 1
2n2 E()tr (ATYL, — Q.PATI0) + 5B ()t r (A7, — Qo]ATIQ,) + o(n7);
2 2
N ¢ ng —1_ _ _ _
B(VIVy) = — —tr [ATNI, — Q)] + 2n2 1eatr(AM L, — [L, — Q)AL Q)
52 ny — 1 ~ ~ -1 -1
- Etr [A (Ip - QQ)Q } clcgtr(A4 [Ip - Ql][Ip - QQ]A4 Ql)
1 1 1 1
EE(T—)tr (AT, — )AL + E( )tr (AL — Qo)A +o(n7?).
172 T1T2

2¢ _ n 1 _ _
E(G,) =— Tltr [ATY(L, — Q)] + n—zE(f—%)tr (AL, — U ]PA Q)
ny — 2 1
1n2 E(—%)tr (ATYL, — Qi PATIQ)

20 L
- AV - )] 4 BB (AL, - AT )

2

ne—2 1 _ _
+ 2n2 E(%)tr (AL, — Q292 AL Q)
2¢ 2(ng — 1
+ ﬁtr [A7H(I, — 921)Q] — %clcQtr(A4 [, — ©4][L, — Q]A;'€2,)
2¢ 2(ny —1
+ ftr [All(Ip — Qz)ﬂl} - %Clcgt ( [I — Ql][Ip — Qg]AZlﬂl)
2 1 2 1
+ EE(E)U (AZI[IP — Ql]Azlgl) —E(ﬁ) (All[:[p — QQ]AZIQQ)
i 2
2 1 _ 2 1 _ _ _
— ﬁE(Tsz )tr (A4 1[Ip — Q ]A 192) — EE(Tlrz) (A4 1[Ip — QQ]A4 191) =+ 0(77, 2).
Similarly, we can also show that
2 2 4
n) = —————tr(2?) + ————tr(Q2 tr(Q2,Q ).
V() = ot (2 () () + ofn )

If n/p = 0(1), E(G,) = O(n ') and var(G,,) = O(n~?). Then, F(G,) is a non-negligible

bias term to the asymptotic variance var(G,).
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Appendix D: Proofs of Lemmas and Proposition 2

Proof of Lemma 1: Define M = (ay)V,_,, u1i = (U1, - - -, u1ip)?, 0

p 2 p p
E((u;Muy,)?) = E <Z GZkumuuk) = Z Z kst B (Uit Unistaie)-

Lk=1 Lk=1s,t=1
Since (u,...,u;,) has the Dirichlet distribution D,(1/2,...,1/2), E(uf;) = m and
2 2
E(uiuiyy,) = +2p By the inequality
E(uriupigtiyistinig) < \/E(u%zlu%zk)E(u%zsu%zt>7
we get F(uguipuiisuig) = O(p~?). By the Cauchy inequality,
P P P
Z Qg < Z az, Z a2, = tr(M*M).
L,k,s,t Lk st
Thus, E(uf;Muy;)? = O (p~*tr(M"M)) . Here, we complete the proof. O

Proof of Lemma 2:

—1/25+—1/2 ~1/25+—1/2
UD; (X, —0)) = D B € Di T3
Z ’ (ehRiei)?  (1+uf}(R; —L)uy)"/?

=D;'’5 " ?u; + CuL(R, — L)u,D; 22y,

3 (2

where C} is a bounded random variable between —0.5 and —0.5(1 + ul(R; — I,)u;;) %2

Thus, according to the Cauchy inequality,

B (UMD (X5 - 0))) < Cof Buh(R; — T,)uy)*E(D; (X, - 6:))}2

=0 (R~ ) = ot )
by Condition (C4). Similarly, we can show that
U(D;*(X,; — 6,))U(D;

1 “1/29-1/2 T 51/2-1/2
_ D; /25y ul s D)
1 -+ uT(R -1 )uij ¢ ¢ J U

V(X - 0:)T

-D; 1/22‘ 12, TZ 1/2D;1/2—|—C'3(u£(RZ 1,)u;,)D; /252172, TE 1/2D 1/2

'LJ l] 7 l] 1] )

12



where C is a bounded random variable between —1 and —(1 + u;(R; — I,)u;;). Thus, by
the Cauchy inequality,

E (diag { £ (U(D;"*(X; - 0))U(D; (X~ 6))) } = p7'1,)
< C{B(uL(R; — L)u)?E(diag{ D; *=;*uul, 5 °D; V%) — piL,) 2}
=0 (i fulRe) ~p) = ol

by Condition (C4). The above two equations define the functional equation for each com-

ponent of n,,
Tz‘j(Fia mj) = Op(n_l/z)a (A.2)

where Fj is the distribution function of X;;, i = 1,2, , = (a1, ,Mi2p). Similar to

Hettmansperger and Randles (2002), the linearisation of this equation produces

\/n_z('fhg - nz‘j) = _H;jl\/n_i(ﬂj(pma mj) - Tij<Fi7"7ij)) + 0p(1),

where F},; is the empirical distribution function of X;;, 5 = 1,--- , n;, H;; is the corresponding

Hessian matrix of the functional defined in (A.2), and

Ti(Frivm;) = (nfl > UT, vec <diag (n;l > U, Ul —p‘%))) ,
j=1 j=1

where T;(Fni,m;) = (Ti(Fuisnin), - -+ Tiop(Fris Mizp)) and vec(A) means the vector of the

diagonal matrix of A. For each variance estimator d;;, we have

2

where 18 the corresponding asymptotic variance. Define (0 = maxi<i<oi<j<p Gij. As

13



p — o0,

P (s (d — dy) > VEGuann;*(1089)")

IA
75
'ﬁx

P (\/n_l<dm ij) > \/icmaz(logp)l/2>

-

<
1

J

(1= @(V2naacr; (logp) 7)) < p (1= B((210gp)"2)

Il
.M%

1
p e—logp _ (47r)—1/2(10gp)—1/2 = 0.

< £
~ VAmlogp

A~

Finally, max;<;<,(dij — di;) = O,(n; I/Z(IOgP)l/z)-

7

Proof of Lemma 4: By the Taylor expansion,

U(Dy*(Xyi — 02))

=U(D; "*(Xy; = 0) = Dy Py, + (D7, = Dy %)X — 6) — (D}* = D), )
1 R 1
=Uy — —[I, - U, UfJD; V2h, g, - ~ U, UL (D) - D) (X — 6)
1 1z
_ L, — v un 2 — D)
Tl [ 1z 11]( 1, 1 )l’l’Q,j
+ 5 D2 = DI 6) = Dy 2y |70 + 007
11
1 . A
=Uy; — o~ —I[I, — U,U};|D; 1/2H2j + 1[I, — UliU{z‘](Dl,il/QD}/g —1,)Uy;
1 1/2 —1/25 ~
- E[I Ule{z](D / - D, / )F’fz,j
1 A _ —1/2 ~
+ 5,2 1D =Dy )Xo = 0) = Dy o [PUni + 0, (n 7).
17

14



Proof of Lemma 6: Note that

, 2
1 o
E[sz|fn7j—1] = mE (Z YZ-T:aiJ‘Yj) | Frj-1
i=1

1 & ore _
= ol DL YiEL Y Y EL Y P
'(nJ 1)

i1,i2—1

= Ty Z Y Ei B (Y;Y] | Fojo) EL Y,

ia,j
11,12=1
= — 1 =9/~ 1\2 § Y i1,i2,J Y,
i1,i0=1
A —p g =T 5. 1 A =plm =T s
where A, 4,5 = 0 Biy jB, 5, 1y = na, for j € [1,ng] and Ay, 4, 5 = p7 1By, jE;, 5, iy = ng, for

Jj € [n1,n], and

Ala i7j€{1727"'an1}7
E@jz Asj, i€{1,2,...,n1},j€{n1+1,...,n},
A, i,je{n1+1,n1+2,...,n}.
Define 1, = ", E[Z};|Fn;-1]. By some tedious algebra, we can obtain that E(n,) =
202(1+ o(1)).

Now write E(n?) as

n j—1 2
1 X .
2\ __ T
E(n,) =E {Zm > YilAh,iijiz}
Jj=2 J J i1,09=1
n 1 J1—1  jo—1
T A T X
IQE{ Z le (’ﬁ 1)2 2 Z Z Y; A“vlwl YigAis,i4:j2Yi4}
2<51<j2 a ", i1,80=113,i4=1
n j—1 7j—1
T T
+E{Zn 4 i1 11,12,JY Y Als,i4,jYi4}
Jj=2 ] i1,90=113,i4=1
=Ly + L,

15



Consider the first part L;.

n 1 an—-1 ja—1
E{ 2. @ (j, — 1)? 2 Z > Vi Yo YA, Yi,

2<j1<je It i1,49=113,i4=1

. 1 J1i—1j2—1 e .
:E{ Z I (ﬁjl_l)QﬁQ fbj QZZY AH]IYY A”]2Y

2<j1<j2 1 i=1 i=1

n J1—1j2—1
1 T
+ E{ Z ~2 (ﬁﬁ _ 1)2 Z ZY 11,01 ]1Y Y Azzvizvsziz}

2<j1<j2 L i1=112=1

n 1 J1—1j2—1 ~
+E { Z >2 (/ﬁ’jl _ 1)2 72 ( Z Z Y i2 il,jlYilYZAil,inzYiz}

2<j1<j2  J1 i1=112=1

=Ly + Lig + L3

Taking the same procedure as Lemma 5 and some tedious calculations, we can verify that
Liy = o(0,), Liz+ Lz = E*(n,) and E(L3) = o(0y,). So, var(n,) = E(n;) — E*(1,) = o(0,).

This completes the proof of Lemma 6. U

Proof of Lemma 7: First of all, we note that

n

7QZE I(1Zj] > €0u])|Fn 1] < o, e 7QZE j’}—n,jfl]'
7j=2

Accordingly, the assertion of this lemma is true if we can show

{ZE I Frio } = o(ad).

E{ZE[Z;;!&,“]} - Bz (Z @J) -

Similar to Chen and Qin (2010), the last term can be decomposed as 3Q) + P, where

Notice that

3

n j—1
(n*)Y > E(Y]E. Y. Y!E, Y, Y E Y. Y/ E,Y)),

J=2 s#t

16



Note that

n j—1
Q =0(n""%) E(Y]E; Y, Y5, Y,Y 5, Y, Y5, ;Y;)}
Jj=2 s#t
ni ] 1
J=2 s#t

+ Z Z pE(Y; BBy Y, Y BBy Y ) }

Jj=ni1+1 s#t
_O< ) Ons

where the last equation follows from the similar procedure in Lemma 5 with Condition (C2).

Accordinglu, we can verify that Q@ = o(c?). In addition,

n j—1
P=0(n"%) i E(Y;E,;Y;)!
j=2 s=1
n 1 n 1
{iJZEYTAY Z ZEYTAgY Y JZ E(YTA,Y )}
7j=2 s=1 Jj=ni1+1 s=1 Jj=ni1+1s=n1+1

i()(7178>(F)1 + P2 + Pg)

As the procedures for handling P;, P», P3 are similar, let us only consider P,. Define

A3 = (vij)pxp, and accordingly we can write

4
P P
E(ulTsA3u2t =FE (Z Z Uz‘julsz‘uztj>

=1 j5=1
p p
E E Vi1 51 Vigja VizjzVigja E(ulsil U sip Ulsig U15i4)E(U2tj1 Ut o Ut s U2tj4)

i1,-84=1 J1,...,J4=1

p p
E E Vi1 51 Vigga Visjz Viaga -

1150,84=1 J1,...,ja=1

By the Cauchy inequality, we have

p p 1 p p
§ § Uiy j1 Vigjia Vigjis Vigga < Z_l § E ( 11]1 + /07,2]2)( 1373 + Ul4j4)

11,82,43,84=1 j1,72,73,j4=1 11,12,43,84=1 j1,j2,73,J4=1

p 2
- Z 1131 12]2 - (Z U21]1> :tYQ(Ag).

11,82,J1,J2=1 11,J1

17



Similar to the proof of Lemma 5, we obtain that n™2P, = O(p~*tr(A3)?) and thus O(n 8 PR,) =
o(a?). Similarly, O(n™8P;) = o(c?) and O(n™P;) = o(o}). This completes the proof of the

n

lemma. O

Proof of Proposition 2 First, we will show the ratio consistency of ¢;.

ID;. ”2<Xz-j—éi,j>u:HD;“%X 0,)||(1 +r?||(D;}* — D;?)(Xy; — 6))|I?
|ID;; 1/2p,”||2+27~—1UT(D—1/2 D, *)D}*U;

7 7 )

—2r;j1UiTjD V2 a, - 2r U DYDY - DD P Y2

ij
According to Lemmas 2 and 3, we can show that r; 2H( 1/2 - D, 1/2)(Xij - 0)|]? =
O,((logp/n)'/?) = 0,(1) and 7; 2HD S ijI7 = 0p(n7t) = op(l) and by the Cauchy in-

equality, the other parts are also 0,(1). So,

n‘IZHD VX - 0,7t = (‘IZHD‘W i~ i>|r—1><1+op<1>>.

Obviously, we can show that E(n;* > ri;t) = ¢ and var(n; 'c; 12] ) = O(nh).
Then the ratio consistent of ¢; follows. We only present the proof for the ratio consistency

of tr(A?) as the proofs of the other two follow in the same way.

By Lemma 4 again,

ni 2 2 p ni
p czcl ZZ (UIZD_1/2D1/2U1]€) __p 0201 Z (UllD_1/2D1/2U1k> 4 M,
ni(ng — 1) k, o ny(ny — 1) k:l 14k

Taking the same procedure as Lemma 5, we can obtain that M,; = o,(tr(A?)). Also, by the

same arguments as Gy,

9 1 mn1 n 9
pecacy ( —1/2~1/2 ) _ 2
El ——— g U;,D, ""D;"U =tr(A7)(1+o0(1)).
(m(m — 1) pon 12 1 1k ) ( 1)( ( ))

Here, we only need to show that

var [ 2§ HZ<U D, *D!?U )2 — o(tr®(A2))
n1<n1_1) 11479 1 1k 1))

k=1 £k

18



By consider the possible combinations of the subscripts, it can be shown that

p 0201 - (U D—1/2D1/2U )
2picier o T—1/21~1/2
= "= E(U,D, 7"Dy"U
i zg ! 2

4 4.2 — _ —
& Z E((U'{ZD2 I/QD}/QE(UUU,{DDQ 1/2D}/2U1i)2) + O(tr2(A%>>
=1

nl(nl — ]_) —

Taking the same procedure as in Lemma 1 and G,,;, we can show that
E(p'cier*(ULD; "Dy " Uy)") = O(ur(A})).

Similarly, we have E(p*c2e;2(UT D, *DY?E(U,,UT)D, '/’ D/?Uy,)?) = O(tr2(A2)). Thus

we complete the proof. O
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Appendix E: Some properties of 7!

When X; ~ N,(0,I,), we have

1T - _ 1
v2 T(5) (3)  p—2

where I'(-) are respectively the usual Beta and Gamma functions.

I(
2

B() - B =Lk

N[

By Stirling formula
: I'(z+1)
lim

z—o0 (1/e)e/ 212

=1,

it is straightforward to see
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Appendix F: Discussion on the test using sparse covariance matrix estimates

When ¥ is a sparse covariance matrix, under regularity conditions, || sls | = Op(\/@ )
where ¥ is a “good” sparse covaraince estimator (e.g., Fan et al. 2011). By the lower bound
derived by Cai et al. (2010), the convergence rate is minimax optimal for the sparse covari-
ance estimation. Consider the Hotelling’s T test statistic T2 = %(Xl—ig)Ti_l (X, —X5).
If ¥ is used in 72 (denoted as T2), it can be seen that (T2 —p)/v/2p -2 N(0, 1) as (n, p) — oo

under Hy. In order to make this asymptotic applicable for T2, one needs to show that

%(Xl -Xy) (2

However, | X; — X3||> = O,(p/n) under Hy. By the Cauchy-Schwartz inequality, we have
\%|(X1 - X2)T(§_1 — 2N (X; —Xo)| = Op(1/22E2). We see that it requires plogp = o(n),

which is basically a low-dimensional scenario. The above simple derivation uses, however, a

= 37H(Xy = Xs) = 0,(1).

Cauchy-Schwartz bound, which is too crude for a large p. More elaborate analysis may be

available but requires further regularity conditions and other more technical arguments.
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