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This Supplementary Material contains all theoretical proofs of Theorems
1-5, Proposition 1 and Corollary 1, and additional simulation results.
The key step of the proofs is the decomposition of the observations into

Xij = Z’f\io}tvot—l'f'l Yijfor j=1,...,p, t =1,...,T with the convention of
Noo = 0 and Nogp = N, where {(Yj1,... ,Y;p)T f\il are independent according
to a sequence of multinomial distributions, Multi(l, (Pity- -, ﬁip)T), where

25.‘: q05> fOI‘Z.Zl,...,NOT*,
*J q1;j, fori = No-~ +1,...,N.

Denote ffij =Y;; — Pij, and let q = qg » be the collection of qo; with j € £
and 3 = X » = diag(q) — qq', where diag(a) is a diagonal matrix whose
diagonal elements are the elements of vector a. Denote ?Z = ?@% as the
collection of all ffij with j € 4.

Technical lemmas. We start with several necessary lemmas.

LEMMA S.1.  Under Assumption (A1), we have

tr(2?) = d'a{1 +o(1)},
a"Sa/tr(E?) = o(1),
(=) /(@'a)? = (Y i) {1+ o()}/(a"a)* + (1),

je®
E{(Y{ZY1)%}/(d'a)® = ( > QS’j> {14 0(1)}/(d"q)* + o(1),
=
B{(YY2)"/(d'@?} = (d'a)™ +00) + O (Y af; ) /(d'a)? |-

jeB

LEMMA S.2 (Bernstein’s inequality). Let X, ..., X, be independent cen-
tered random variables a.s. bounded by A < oo in absolute value. Let 0% =

1



2 WANG, ZOU AND YIN

_121 LE(X?). Then for all z >0,

n 2

T
e (3o, ) <o ( -yt )
g ; P=T) = e 2no? 4+ 2Ax/3

LEMMA S.3 (A Bernstein-type inequality for degenerate U-statistics of
order two). Consider the degenerate U-statistic of order two, i.e., U, =
Y i<icien hik(Xi, Xy), where X;'’s are independent random vectors and hy,
satisfies that, for all i, k, E|h;(X;, Xg)| < 00 and E{h;r(x1, Xg)} = E{h(X;,x2)} =
0. Then for all x > 0,

Pr(U, > x) <exp {1 — min {Cl (%)2,0 Cg(B)2/3,C4<%> I/ZH,

where

A = max sup |hy(x1,%x2)|,
ik xq1,%x2

B* = max{maxsupZE{hlk Xi,x2)}, max sup Z E{h2, xl,Xk)}},
i=1 Xl = i+1

c? = Z E{h% (X, X1},

i<k
D = S}IP{ZE{hik(Xz‘,Xk)fi( )9k (X))} ZE{f i)} <1,
97 i<k

> E{gi(X))} < 1}
k=2

and C1,Cs, C3,Cy are positive constants.

The first lemma can be verified by some algebraic calculations. The second
and third lemmas are on concentration inequalities. The first one is the well-
known Bernstein inequality for the sum of centered bounded independent
random variables, and the second is its extension to degenerate U-statistics
of order two based on an independent vector-valued sample. The proofs can
be found in Theorem 3.1.7 and Theorem 3.4.8 of ?, respectively.

Proof of Theorem 1. We only give a detailed proof of (ii). Let ¢,; =
NOT +M . d 2 _ Ny 2 Nipx 2 h 2 _ (1 — ars
qoj N Q1 and oy, = —N—0h; + —x§01;, where oj; = a5 ( aj)
for [ =0,1. We observe that |&/| < 2ap/e and |&/| < a,/(Ce), where ||

denotes the cardinal number of a set 7.
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Assume . # (). We first show that Pr(«/ C &) — 1, as (p, N) — oc.
If & ¢ </, then there exists some JjE U but j & sz ie., qja, > ¢
for I =0 or 1 and ¢ja, < Ce. We can obtain that (¢.; — ¢;)a, > (C* C)e
for some j € & as (p,N) — oo, where C* = min(kg,1 — kg)/2. It fol-
lows that {7 ¢ &} C {(gsj — G;)ap > (C* — C)e for some j € o/ }. Hence
{maxjc (g — G)ap < (C* = C)e} C { C </}, Consequently, for any
C < C*,

Pr(«/ C «/) > Pr {max(q*] —qj)ap < (C* — C)E}

jeA
> 1= Pr{(gg —dj)a, > (C* = O)e}
jed
= 1—21%{2 Y;;) > Na, ' (C* —0)5}
jeod =1
N —2 c*—C 2.2
> 1— | |expg — ap_(l S )
2+ 2a, (C*—C)e/3

provided that Na, 2(log ay) ™1 — o0o. The last inequality follows from Lemma
S.2 and, to be specific, for all z > 0,

2

N
- x
D S S S .
' ;( i) > Tp S exp 2NoZ, +22/3
and the fact that a?j < 1.

Next, we demonstrate that Pr(«/ C o) — 1, as (p, N) = oo. If & ¢ o,
then there exists some j € o but j € &7, i.e., §ja, > Ce and, by Assumption
(A1), for any C' > 0 and large enough p, gja, < Ce/2 for any [ = 0,1. We
have that (§; — g«j)ap > Ce/2 for some j € </ . Similarly, we can show that

Pr(«/ C /) > Pr {max(q — Gxj)ap < 05/2}

JjEYA
N
> 1—ZPr(Z > Nao 105/2) S,
jeod =1

provided that Na,, 2(log ap)*1 — oo. Finally, it is easy to check that o =
if o = (). Hence (ii) follows. O
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Proof of Theorem 2. Proof of part (i) Let ¢; = Ny Ni;/N and we
introduce

Qi r =

No;l, i=1,..., Ny,
~N' i=Ny-+1,...,N.

17>

For simplicity, we use > _and > ___, to denote )+ and > .../, re-
77 eT
spectively. Also let by, = > _cra;rap, for 1 <i,k < N. Under the null

hypothesis, we can rewrite L,; as

0
LTj - LS—J) = _ng +2 Z CrQi 7Ok Yk] -2 Z Cra jq0j7
1<i<k<N

and S, =5, 7 as

Sp = —AT Z qgj + Sp,l + S. 25
JEL

where Sp’1 =2 Zl§i<k§N bik Zje%‘ Y;]'ij and Sp72 =-2 sz\il bii Zje@ Y;quj.
Recall that q = qq # is the collection of go; with j € % and ¥ = Xy 4 =

diag(q) — qq'. It is easy to verify that E(S,) = —Arq'q and Var(S,) =

Var(Sp1) + Var(S,2), where under Assumption (A2),

Nor NlT’ T2
Var (S, ;b 2tr(2?) = { Tz; Ny Noo +Ar + O(W)} - 2tr(2?)

and
Var(Sp2) :4Zb~ '2q = O(T ) q'Xq.

Hence, we conclude that Var(S,2)/Var(S,1) — 0 and

Nor NOT T
Var(S, ( Z N -+ AT) -2q'q{l + o(1)},
under Assumption (Al) and by Lemma S.1. O

Proof of part (ii) Note that

Sp — E(Sp)

=5 + 0,(1),
Var(S,) p,1/0p + 0p(1)
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where o = 2cn.1 3¢5 a3y and enr = 23, Nor N1zt /(N7 Nor) + A
Recall that Y Y . is the collection of all YZ] with j € #. Let Sy1 =0,
and forl =2,..., N, let VNZ ZZ 1 bzlYTYl and Sy = Zk V. If we de-
fine Fn -1 = O'{Yl, .. Yl 1}, the o-algebra generated by {Yl, .. Yl 1}
then E(Vni|Fni-1) = O. Hence, for each N, Syo,...,Syn are martingales
and Vo, ..., Vyn are the martingale differences. Based on Corollary 3.1 of
?, it suffices to show that for any e > 0,

N
(S.1) S o BVl > eo,)} B0,
=2

and there exists v € (0, 00) such that
al P
(S.2) > o "BVl Fva-1) = 7.
=2

Then we can assert that Sy 1/0) Lt N(0,1) as (p, N) — oo.
We first verify (S.2). For simplicity, we denote E;—1(-) = E(:|Fn;-1), and
then o
U=E_1 (Vi)=Y bibi Y, 2Y5,.
1<iy,ia<l—1

It is easy to show that

N
B(Y0) = 3 8tn(2%) = Jo3 {1+ o)),
=2

1<l

which indicates v = 1/4.
2
We next demonstrate that E{ (0;2 Zz]\; Ul—1/4> } — 0as (p,N) = oc.
It suffices to show that

E{(li:;Ulf}/ag - éE(Uﬁ)/ag +2 Y E@U))/ot - 1/16.

2<I<V'<N
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Assume [ < I" and expand E(U;U)) as

E(UU]) = E{( 3 billbwﬁlz?b)( 3 bi3l,bi4l,?gz?i4)}

1<i1,ip<l—1 1<ig,is<U'—1

= Y bububabiaE (?}1 %Y, YL 23?,4)

1<i1,i2<l—1
1<ig,iga<l'—1
-1 I'-1

1<7,'175i2<l 1 11=11i3= 17,3;&7,1
~ ~ 2
T

+me {(Yi=Y.) }

i1=1

Consequently, we can write

E{(im)?}/a; — A+ By + By + Bs,
=2

where

— -1

2 ) Z > v tr’(2?) /o,

2<I<V <N t1=1143=1,i3#11

N-1
By =4 Z (N =1) Z b2 b2, tr(B4) /o
=2

1<iq £ig<l—1

N-1 -1 o
By=2 3 (N =) S vh{ (YEV1) } ok,
=2

i1=1

and By = SN, E(U?)/oy. Under Assumptions (A1)-(A2) and by Lemma
S.1, tedious algebra yields that

A= (X 8) w2 (2)/ob{1 +o(1)) = T16{1+o(1)}.

i<l

Additionally, under Assumptions (A3)—-(A4), we conclude that

By = O(tr(y)) = o(1) and By = O(N‘1W) = o(1).

(a'q)?

Similarly, we can show that B3z = o(1), and thus (S.2) follows.
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The Lindeberg condition (S.1) can be established by showing that a
stronger Liapounov condition, Y1, E(Vy;)/op = o(1), holds. We expand

ZZZ\LQ E(V]il/l) as

N

> E(Va)

=2

N -1 4
= Y E{(XwYiv)}

=2 =1

-1 o N e

= Y D MEYIY)' Y03 Y b b EY YL Y Y Y YL YY)

1=2 i=1 1=2  1<ij#ip<i—1
= C+3D.

Following similar argument as that in the verification of (S.2), we can show
that

LB(Y]Yy)! L E((YIEY)?)
4 _ 2 1 4_ 1 1
Clo, = O(N e ) and D/a, O(N aa? )
Again by Lemma S.1 and Assumptions (A3)—(A4), we obtain (C+3D)/o%, =
o(1), from which Theorem 2 follows. O

Proof of part (iii) It suffices to show that, under Hy, Pr(E, . = 0) — 1 as
(p, N) — o0, i.e.,

Pr | maxmax R;; > r, | — 0.
T€T JEA

Let RTj = L;j/qoj. First note that, for any s, > 0,

Pr(max max R,; > r,) < Pr(maxmax R,; > r,/s,) + Pr (max qu] > sp).
TET jEA TET je € q;

On the one hand, for s, = 2,

Pr(max@ > sp) = Pr{max (1—ﬂ) > 1—5‘;1}
JES gj JEA qoj
N
< Z Pr{Z(— i) > (1 — sljl)Nqu}
JEA =1
Nqo,
< Yew{-m
e 8(1 — q[)j) + 4/3

— 0,
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by Lemma S.2 and the fact that Na_l(log a,)~! — 00. On the other hand,

Pr (1}1637)_(?61%;(1%7] > rp/2) Z Z Pr (’ Z Verai Vi /2618]/2)

TET]GQ/O
— 0,

again by Lemma S.2 and Assumptions (A2) and (A5). O

Proof of Proposition 1. To show that UNF@//qTq i 1, we let Y; » be
the collection of all Y;; with j € % and thus we write Uy o = {N(N —
1)}t Z#k YZT%Y;%%. It suffices to note that E(Uy ) = q'q and

- - 3
E(U%,»)/(d'a)* = EJN\T;L%L + O{m} + O<N21qTq>’

where (z),, = xz(x —1)--- (x —m+ 1) denotes the Pochhammer symbol. By
Assumption (A3), E{(Uy,/d'q —1)?} = 0 as (p, N) — oo. O

Proof of Theorem 3. Proof of part (i) Let p; = p; # be the collection
of p;; with j € 2. Similar to the arguments in the proof of Theorem 2, we
first write S, = 5, v as

Sp = —€p+ Spu — 25pw + 25p.2 + Sp,

where ¢, = Zz‘]\; biiP; Pis Sp,u = D 1<ith<N bzkY Yy, Spw = Zij\il bii??l’a
N [6(T—1)]
Nip= N
S0 = 3 S a0y e, N0)e,
Nir = Nor
= T7=[a(T-1)] T=7*+1
™ [b(T—1)]
Nor N3, Ny, N2
Sp = ( Z Ny, Ng + Z No, o > Z

T=[a(T-1)] T=7%41 JjERB
and d4 denotes the collection of all §;’s with j € 2.
Let g, be the collection of all ¢1,’s with j € # and X, = diag(q,) — qaq)..
By Assumption (A2), 7* = [v(T — 1)] and Nor«/N — ko, we have
ep = O[T{roq'a + (1 - r0)qqa}];

Var(Sp.) = O{T2tr(2z0)},

Var(Sp,v) = O[T2N_1{’€0q—r2q + (1 - /{O)q—gzaqa}]a

Var(S,.) = O(T?N8 2., 02),

= O(TN6,05),
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where ¥, = ko2 + (1 — k9)X,. By Assumption (Al), it is straightforward
to show that

tr(Zio) = qloq,.io{l +0(1)} and koq' Xq + (1— fio)qZana = o(qzoq,{o),
where qx, = koq + (1 — ko)qq. Hence, we conclude that

Var(Sp, — 2Sp,) = Var(Sp.) + 4Var(Sy.)
O[T*ay,aw, {1+ o(1)}],

by noting that Cov(Spu,Spy) = 0, which results in that S,, — 2S,, =

O, (T,/ qzoqﬁo). Obviously, €, = 0<T 1/q—',;0q,.€0), and furthermore since

N(i;,d@/(mlaxzjeggqu)lﬂ — 00, we have Né%épg/lr?g%qu — oo and

Spx = 0p(sp). Now it is clear that S, = s,{1 + 0p(1)} + O, (T, /qEOq,%).
Next we focus on the asymptotic analysis of Uy o, under the alternative.
Tedious yet straightforward calculations yield that

E(Un,) = diyds + 0(1),
E(UR ) = (a1, 9k0)” + 4N "' a), Dyoy + 2N 2ay, dx, + 0(1),

since Nor« /N — kg, where D, = rodiag(q)+ (1 —ro)diag(q,). By Assump-
tion (A3), we can show that

E{(Unw/dk,ar — 1)*} — 0,

and thus Uy /9, dx, L) Also, by Assumption (A2), we have cyr =
O(T?). Combining these results, we have

Sp, o N(S—E—(sg UN,or
2 = 0| 222 (140, (1)} 4 0,(1)| /[
V 26N7TUN,@7 \ /q—lzoqffo Qo Aro
P
— 00,

as (p, N) — oo, by the assumption that Néjgg(s@/(mlax djen qlzj)l/2 — 00.

Proof of part (ii) We observe that

Pr(maxmaxR ->7“)>PrR*~/>r .
maxmax Ry > 1) = Pr(Reey > 1)
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It is straightforward to show that

N
NOT*Nl‘r* (ZOT*j’ Z].T*j/) >
[— = * : *Y' *5‘/
\/ N Noo- Ny VvV Cr Zalﬂ' ij T/ Cr+0;j
1/2
0§t n) Y o v

and ¢ /q.jr 1 since N a, 1 o0 by Assumption (A1). Hence, by Assump-
tion (A2) and the condition that Ny« /N — ko,

[ Nor= N (ZOT*j/ _ er*j/)/A1/2
N NOT* NIT* qu
N 1/2
Op{(Zz 1 T ZT*pU) } + \/a(sj'
a1 {1+ 0p(1)}

= O(1) + ;I/; {1+ 0p(1)}

{IQQ(]_ — Iio)}l/le/Q(s
{roqo; + (1 — ko)qu; }1/?

= 0,(1) + {1+o0p(1)}.

Since Nc%%r;l — 00, we conclude that Pr(R«j > rp) — 1. O

Proof of Corollary 1. This proof contains two parts (i)—(ii).

(i) If there exists some j’ € </ such that d; # 0 and further we assume that
N52,r — 00, from the proof of Theorem 3, we know Pr(E, ; =ep) — 1.

Assume 7 < 7*. Following similar steps in the proof of Theorem 3, we can
show that, for any 7 € T and j € &,

[No-Nir ( Zovi  Zirg Nip-
oNl (]\(7)(:_]\;17:) cfza”Y”Jr\/a 1
NlT

N 1/2 .
= Op{(ZCTa?,Tﬁij> } + \/aNilT‘Sj
i—1
NIT

= Op{(maxaqy;) V2t Ve

and §j/q«j o1 Na;1 — 00 by Assumption (A1), where ¢,; = N?\; P+
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i. Hence, by Assumption (A2),

1
~ N
\/W(ZOT]' ZlTj)/Al/Z Op{(z,fil CTQZZTp,L‘j> }+ \/a 1r* 5
N ANor o Mg /1T 07 {1 + 0,(1))
\/>N17'T .
=0p(1) + qﬁa {1+0,(1)}-
*J

We aim to demonstrate that Pr(max;jc R;; < maxjc, Rr+;) — 1. Denote
jr = argmaxc . Rrj. We claim that N6]2~T7";1 — 00, since if 6]2T = 0(532,),

A~

45, q]

(% 2 o
Pr(Res. > Roy) :Pr[ (53) 65{1 + 0p(1 )}}
Qi {1 +0p(1)}}
Gjr{1 + 0p(1)}
<Pr{op(1) > C*sagl} — 0,

—Pr [op(l) >

by Assumptions (A1)—(A2) and (A5), where C* = min(Nys+, Ni,+) and
a,! = O(1). Then noting that

p
N
(er R = )82 {14 0,(1)}
RTjT - RT*jT -
0jr
(o N — 1) (1 — o) N6? {1+ 0,(1)}
dj, ’

we have Pr(R;;, < Rq+; ) — 1if

lim (Nor/N — ko) N63 — oo.
N—oo

Hence Pr(R,j, < maxjey R;+j) > Pr(R;;, < Rr«j ) — 1. A similar conclu-
sion can be drawn if 7 > 7.
(ii) If all 6; = 0 for j € o7, from the proof of Theorem 2 (iii), we know

Pr(Epd = ep) — 0. Denote M; = 3, (L~ L(TJ)) Following similar steps
in the proof of Theorem 3, we can show that

2
MT =Cr ]]\:[127* Z 5?{1 + Op(l)} + Op(\/ﬂ)

1T je®
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and thus

My = M7 = (2T = Dkaol1 — rao)N 3 FHL+ 0p(1) + Oy (/i)

=

Hence, with probability tending to one, M, < M* if 7 < 7% — (5 7, where
(a1 > 0 satisfies

Mo can N bV S5
je%s
as (p, N) — oo. Similarly, with probability tending to one, M, < M} if
T > 7"+ (p 1, where (1 > 0 satisfies
(i N /N s 2/l 0
JEB

as (p, N) — oo. That is, the probability that M, attains its maximum at 7

such that |7 — 7| > (1 goes to zero as (p, N) — oo. O
Proof of Theorem 5. Givena =0,1,..., A" we rewrite TE =T b=
0,1,..., B} for ease of notation. Then for B, candidate change-points {Tb}f:“l

satisfying that T;/’a =70< T < <TB, <TB,+1 = 7';{7(1_‘_1, let

Ba  Tb+1

S{@(Tl,...,TBa) :Z Z Z{th —nth(Tb,TbJrl)}Q/nt,

b=0 t=mp+1 jEZ

and
SE™ = Sa(FButs -+ -+ TBu,Ba) + Ba{Qz(70, TBu41) + N}
where (7B, 1,...,7B,.8,) = argmin Sz(71,...,78,) and Qz(10,7B,+1) =

T1<<TB,

St Y e Xij/ Yoitart ny. By Corollary 3 and Theorem 4, and under

t=70 t=7o
the condition (10) in Theorem 5, it suffices to demonstrate that,

(S3)  Pr(B.=B; |75 ,— 7| <6r,b=0,1,...,B;) =1,
where B, = argmin B, ngn. We further extend the definition of S»(-) for a
set of candidate change-points {v;}/_; C (10, 75,+1],

I PG+1)

S%(Vl, ceey l/]) = Z Z Z[th - nth{I/(i), V(i+1)}]2/nt,

1=0 t:V(i) —+1 JERB
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where v(g) = 70, V(141) = TB,+1 and v(1) < -+ < y(r) are the ordered version
of v;’s.

The proof of (S.3) contains three parts (see Propositions S.1, S.2 and S.3
below). Firstly, we demonstrate that the minimization of Sgin includes no
less than B} change-point estimators asymptotically.

PROPOSITION S.1.  Under the conditions in Theorem 5, Pr(B, > BY) —
1as (p,N,T) — .

PROOF. Assume that B > 0. Define

SH" =8a(m1, -, 7h) + Bi{Qus (70, 7B,11) + Mp.n }-

Let pr be the maximum integer less than Ay 7/2 and consider 0 < B, < B;.
We introduce, for r =1,..., B},

O,(pr)={n<---<7B, :|TH— 79|>pT for 1 <b < B,}.

Since B, < B}, (7B,.,1,---,7B,,B,) Must belong to one of the ©,(pr)’s. For
every (71,...,78,) € O,(pr), with probability approaching one,
SH(Tly o TBy) = Sa(Tly e ey TBys TL s e e o s T, Ty = PTYTO T A+ PT T - - ,’7’%;)
prn®

(S.4) 2 (Bg +2)Qz + =A% + 0p(1p,n),
and

SH(Ty oy BTy e e s T, T2 — p1y 7O, 70+ Py T, - ,Tg’g)
(S.5) —8a(1), ..., T ) = —(Ba 4+ 2)Qz + 0p(np.n),
under Assumptions (B1)—(B2). Hence, with probability approaching one,

prn’®

S#(PButs -+ BuB) — Sa(T1, -, Ths) > —(Ba — B})Quz + N Bzt op(np.)-

As a by-product in the proof of (S.4), we have

Qz(10,7B,+1) — Qz = 0p(nNp,N).
Then, we conclude that
Pr(Sp™ > Spe) > Pr(Sp > Sp°")
= Pr{S%(TB,1:---+TBs,B.) — 833(7'{), e T]%;) + (B — B;)Q@(Tg, TBy+1)

+(Ba — B;)T/ILN > 0}

2 n? . R N
;07]1\7 qu + Op(np,N) + (Ba - Ba){ng(To, TBa—H) - Q%} + (Ba - Ba)np,N > 0:|

v

|

— 1,
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if )\?% TQQN 1A/ np,N — 0o. Thus, the proposition follows provided that

)

(S.4)—(S.5) hold.
Now we consider the claim (S.4). Let R;(s,e) = > 7_ 1 {X¢;—mX;(s, €)}*/ny

¢
and Ny, 1, = D 24 1 T For every (71,...,7p,) € ©,(pr), we have
0 0 0 0.0 0 0
Sa(T1, s TB,) = Sa(T1s e, By, T s Ty Ty = PTs Ty s Ty + PTs Tyg1s -+ -5 T)
B, M,y
=3 0 Ry 1) = > D Ri(Wis Vi)
b=0 | je® i=0 j€B
B. M,
o NVb,i,Vb,i+1 + NVb,kaVb,IH—l L(b)
= E E E R (Wi, Vb it1) + E N ik
b=0 je R i=0 0<i<k<M, TbyTo+1

My
- Z Rj(Vbis Vbit1)
i=0

Ba
o Z Z Nl/b,iﬂjb,iJrl + NVb,k,Vb,kH Z L(b)
= N ik,j

b=0 0<i<k<M, TbyTo+1 je®

where {Vb,i}i]‘ibl satisfy 7, = v 0 < vy < -+ < Upm, < Vb My+1 = Tp+1 and take

: 0 0 0 0.0 0 0
values in {7),..., 7,7 — pr, 7, 7 + pr T g, ,TB;}, and
Na a Na a
(a) VioVip1” "VioVeg1 (0 . a v .(,,a . a 2
L = Now ot N e Vi) = X5k v}
VioVit VioVk41

We observe that Q; # = Q% for any i, k and

B, B

. NVb" vy '+1+Nka:ka:+1 Za

Sy M N $h gy
N. b=0

b=0 0<i<k<M, TbyTb+1
By Lemma S.4 below, we have that uniformly,

0 0 0 0.0 0 0
Sa(T, o ,TBy) = SB(T1, -, TBys T s T 1y Tp — PT>Tps Ty + PTy Trg1s -+ TBx)

N N,ro_ 0]\[7_97 04
Z(Ba +2)Q3{6’ + T PTﬂ'r]V rTr TPT Z(qrj o QTfl,j)Q +0p(77p,N)
jEA

N (prn)* . 2
2(Ba+2)Qz + 7 min .e%(qm = dr—1,5)" + 0p(p, ),
j -

where Ny, 4, = Z?:tl_ﬂ n¢. Hence, the claim (S.4) follows.
Similarly, it is straightforward to show that (S.5) holds. O
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LEMMA S.4. Assume the conditions in Theorem 5 hold, then for any
1<4,k<L*

Nt17t2 Nts,t4

Xi(t1,t0) — Xi(ts, ta)}?
Nt1,t2+Nt3,t4{ ]( ) .7( )}

sup
T <t1<ta2 <7} i+l jeB
Tk <153<254<7',CJrl

_ Niyty Nig g < Qis Qk,ﬁ) Nyt Nig t H
Nt17t2 + Nt37t4 Ntl,tz Nt3,t4 Ntl:t2 + Nt37t4

(D}

where Q; = Zje,%? qij with q;; being the j-th component of q;,

PROOF. For ease of notation, we write N; = Ny, 15, Ny = Nyg1,, Nip =

N; + Ni and ¢ = NN /N. We introduce Yit,..., Yin, lrl\gMulti(l,qi),
where Yy, = (Yina,---,Yinp) for h = .., Ni. Let Yin 2 and q; % be
the collections of Yy, ; and ¢;; with j € %, respectively. Denote ?ih’g =
Yin# — di 2. Following similar arguments in the proof of Theorem 3, we
can show that

Ntl tht3t4 v v 2
§ o Tats (%4 o) — Xi(ta,t
Ntl’t2 + Ny, t4{ J( 1,12) ]( 3:14)}

N, N; N, N;
=cir(Qi,z/Ni + Qr,2/Ni) — Jv;qz‘—,%Qi,ﬁ - ATZQZ,@%,% + '/\ledi,g% + AT;dk,ﬂ
N N;
+ cindiy, 0,5 + 24/ /\T’;V CikSidia ~ 2\ 7 %vciksk,éik,@
(]

N, N; 2v/N; ./\/ ;.9 N; Wi 4
c Ny e N, - \/79139k%kﬂ_2 e Wig G Ni Wig

Nik Nik Nik Nik \/Wz Nik VN3,
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where
N;
dip =N;' Y Y ula
h=1

Ni
—1/2 >
Si75ik,@ :'N’i / ZYih,%éik7%

h=1
—1 ST <
Ui,z =N; Y Y Yz
1<h1#ha<N;
Ni Ni
~1/2 ST <
Viks =(NiNe) 20 S Y 5 Ykns 2
hi=1ha—1

N;
—1/2 T
Wiz =N, / ZYih,%qz‘,%
h=1

and &1, % = qi,% — Ak, »-
By Lemmas S.5-S.9, we conclude that

Ny, N v X
) %{Xﬂtl,h) = Xj(ts,ta)}?
JER t1,t2 + t3,ta

=cit(Qiz/N; + Qi /Ni) + cindy, 50i,z{1 + 0p(1)} + 0p(1p.n).

O]

Proposition S.2 shows that the global minimum of Sgin includes no more
than B} change-point estimators asymptotically.

PROPOSITION S.2.  Assume the conditions in Theorem 5 hold, then Pr(B, >
B}) — 0.

PROOF. Let L be the upper bound on L*. First assume that B} > 0. It
suffices to show that, for all Bf < B, < L, Pr(S5™ > Sp") — 1. Based on
the similar argument in the proof of Proposition S.1, we have

= Pr{82(7B,1: -+ 7BaB.) = S#(T1s- - s Th) + (Ba — B3)Qz(70, 7B, 11)
+(Ba — By)np,n > 0}

Pr {Op(np,N) + (Ba — By)mp, N > 0}

- 1.

Pr(Sp" > Sp) > Pr(Sp" > SE.°")

v
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If B} = 0, and similarly, for any B, > 0, we have PI“(Sgin > SFn) — 1.
Thus, the result follows. O

PROPOSITION S.3. Assume the conditions in Theorem & hold and if
B> >0, then

Pr{|%3ab—ﬁ9| gd@,T,b:L...,B;} S

PROOF. If there exists some r = 1,..., B such that |75  — 0 > da,
following similar arguments in the proof of Proposition S.1, we can show
that, with probability approaching one,

2 2
6@,Tﬂ

Sf%‘(%Ba,l" . "%Ba,Ba) — 853(7'?, - ,7‘% ) > A@ +0p("7p,N)-

Hence,

2 2
5@,7@
N

* *
a a

Pr(SE" > SE) 2 Pr(Sp" > SE™) 2 Pr{ = Aa +o,() >0

— 1,

provided that 5?%’T@2N _1Aﬁ/ﬁp,N — 00. This contradicts the fact that

Pr(B, = B}) — 1 as we have demonstrated before. O

Lemmas S.5-S.9 and their proofs.

LEMMA S.5. Assume the conditions in Theorem 5 hold, then for any
0<i< LY

—1 Z vT v _
. sSup . Ntl,tz Yih1,%Yih2,@ - OP(UP,N) .
T <hi<t2STiy, 1<h1#ha<Ni, 1y

Proor. Let Uy, = Zh1<h2 ?ZT,H %?ih27gg. It can be verified that the
parameters entering in the concentration inequality given by Lemma S.3
are A = 2, B> = 2(N; — 1) maxjez ¢ij, C? = N;(N; —1)/2 - tr(£? ) and

D = N;/2 - /tr(2? ), respectively, where 3; 5 = diag(q; ») — qi,:@qlf@.
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Hence, we have

1 T v
Pr ( sup ‘/\/; Z Yihl,%’Yihmﬁ} > 77P7N)
T <t1<t2<7j", 1<h1#ha<N;

< Z 2Pr(Up;, > Nimp,n/2)

t1<to
< Z 2exp C()II]IH{(H Ni N ) Ip.N ,
th<ts tr(27 ) tr(27 )

an’ A 1/2
<\/(M —1) max;ea Qij> ’(an’N> — 0,

provided that {tr(2£? ,)}~'/2n, y(log T)~! — oo and nmp, y(log T) 2 — oo,
as (p, N,T) — oo. Note that n(max;cz qij)_lnf)’N(logT)_?’ — oo results
from the former two since (qzﬂqi,:@)l/z/maxje@ ¢ij > 1 and tr(Ei%,) =
QZL@Qi,,%{l +0(1)} by Assumption (B1). O

LEMMA S.6. Assume the conditions in Theorem 5 hold, then for any
0<i<k<L*

Nty ty Nitg,ty

~1/2 \r—1/2
Sup Ntl,té t3,t{1 Z Z Yzhl JYkhzﬂ = 0p(Np,N)-

Ti<hi<taSTin, himl ho=1
7',:<t3<t4§7',:+1
PROOF. Let
5)]1: Yih“@’ for h = 1,...,M,
Yin-n; %, for h=N; +1,..., N,
and
" [ if hi=1,...,N;; ho=N;+1,..., Nip,
h,he 0, otherwise.
We have
Ni Ni
T o -
DD Y Y= Y ammiVn
h1=1ha=1 1<h1 <ha <Nk

Based on similar argument in the proof of Lemma S.5, this lemma follows.

Note that the parameters entering in the concentration inequality (Lemma

S.3) are A = 2, B2 = 2max{N;, N}} max g;j, C? = NiNitr(Z; 53k %) and
;) €4

D = \/NiNytr(2; X %), respectively. O
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LEMMA S.7. Assume the conditions in Theorem 5 hold, then for any
0<i<L*

Nty tq
—-1/2 T
sup Ntl,tg E Yz’h,%"li,%‘ :Op(np,N)-
7’1-*<t1<t2§7'i*+1 h=1

ProOF. By Lemma S.2, we have

N;
~1/2 S
Pr ( sup ‘J\/l / ZY;"—}I’:%qZ',(@ > 77p,N>
TI<t1<te<t h=1
712 N
< 2 Z exp (— L ) -0
= —1/2 ’
f1=to 2q; i 2% + 4/3maxjez 4N, / Mp,N
by noting that sup D?jh 2%, = 2max;cy q;j and
, 2
Mo, N 1 1 Mp,N 1 logT s
q} TizdizlogT ~ 2 max; q; ,q;,% logT' | maxijes iy |
NP 1 n'/?n, (log T)"/?
’ = 12 3/2 iz %
max;e g ¢ij log T (max;;jez qij) /% (log T)3/? (max; e qij) '/
from which this lemma follows. O

LEMMA S.8. Assume the conditions in Theorem 5 hold, then for any
0<i<L¥

Ny to

-1 E Yai )
sup ‘Ntl,tg Y’Lh,%]'%
T <ty <t2§7i*+1 h—1

= 0p(Np,N)-

PROOF. When & = {1, ..., p}, this lemma holds obviously since ?—lz—h 21z =
0. Hence we assume that @); s < 1. Again by Lemma S.2, we have

N;
Pl an TS )
Tr<t1<ta<T[ h=1
2
nn, N
< 2 exp ( — L > — 0,
Z 2Q; #Qi.cr +2/30p N

t1<to

since @nng(log T)™' — oo and nn, n(log 7)™t — oo. This lemma follows.
O
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LEMMA S.9. Assume the conditions in Theorem 5 hold, then

sup VerSidus (1)
ik cirlldiwml? T
cikl18ik, 2 ||* /np,n—00
and
sup \/Ciksi,éim = Op(”p,N)~

ik
citl|0ik, 211 /mp, N=0(1)

PROOF. We first assume that c;||8ix.s/%/np.n — 00. For any 1 <1 < I <
L*, denote 6 = 0y » = qi,% — Q.- 1t suffices to show that
M
Pr ( sup Y?h7%6 > ./\/’11/2\/5”6”2) — 0,
1

1<t1<ta<MN; he
1<tz<t4<No "~

where N1 = N¢, 4y, Na = Niy g, and C = N1N2/ (N1 +N2). By the Bernstein
inequality (Lemma S.2), we have

N
Pr( sup ZYIT}%%(S >N11/2\FCH6H2)

1<t1 <ta <N

1<tg<t4<Na h=1
Cllo]l*
< Z Z exp ( — > —0
= —1/2 )
ti<to tais 20731 58 + 8/3 maxyjes Ny V|82

by the fact that sup ]?E 20| = 4maxyjcz qj, max;jez q; < \/max; qnggql’gg
and

ClISIIA 1C||6]?
(ST||6||1 > 1 [|6]] "p,N — 00,
3 40log T 2 1pN \/mlogT
1/2 2 2
NEVC) 6| > Clal lp,N — 0.

maxyjes qijlogT —  npN \/HngT

Hence the first part of this lemma follows.
Suppose that cx||6:x||>/np, v = O(1). Similarly, we have

M
<7 1/2 ,—
Pr( sup ZYlTh,ga‘s > Up,NN1/ C 1/2>
1St1<t2SN1 h=1
1<t3<ta<Np "

2
< Z Zexp(— TN )—>0,

—1/2
t1<to t3<ta QCJTZng(s + 8/3 ma‘XZ;je@ qlJNl / \/E'r]p’N
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since
2
Mp, N 1 np N Mp,N
Cos 0loaT 2 IO o
1% max; ql’%,qlﬁ log T
1/2
7/h),]\['j\/‘]_ 2 T,p7N — OO7
maxy;jc Qlj\@bg T 4/ max; q}—%ql’gg logT
which completes the proof. O

Proof of Theorem 4. The proof of Theorem 4 is similar to that of The-
orem 5, based on a parallel version of Lemma S.4 summarized below. Thus
we omit the proof.

LEMMA S.10. Assume the conditions in Theorem 4 hold, then for any
1<i, k<L

Ntl ,t2 Nts 32

sup {2 (b1, t2) = Xt 1)} /d
rr<ti<ta<ri,, i Ntl,tg + Nts,t4 g\ Jg\l3; j
Th<tz3<ta<tp,,

Nt, . N, 5 — k)’
t1,t24 V3,84 (q” Qk]) {1 + Op(l)} + Op(ngV)?

Nthtz + Nt3,t4 jeot Qxj

where q.j = B(4;) = 315 Nop | /Nay.

PROOF. Use the notation in the proof of Lemma S.4, i.e., N; = Ntl,tz,/\/k =
Nig ta, Nite = Ni+ N, and ¢, = NN /N. We introduce Y1, ..., Yin; iid Multi(1, q;),
where Y, = (Yin1,--,Yinp)' for h = 1,...,N;. Let Yy s and q; s be
the collections of Yj;, ; and ¢;; with j € &7, respectively. Denote Y;j, s =

Yih o — Qi - Following similar arguments as those in the proof of Theorem
3, we can show that

Nt1 t2 Nt3 Jta

Xt t2) = X;(t3,t4)}* [ag
Nt1,t2+Nt3,t4{ ](1 2) ]( )} /QJ

jed
Ni N;
_ 2 2 i
=Cik Z(Uij/M + 0% /NK) /a5 + mdi,g{ + mdk,gf
jeA
_ [ Ni | Ni
+ Cikts;@,ﬂD*jytsik,gf +2 m\/cz’ksz’,éihd -2 m\/ciksk,éik,d
N N; 2V NN N Wi Ni Wi o
Uiy + Uy — Yy 2T TR LAy
Ni Nik Ni Nik VNi — Nik VN,
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where

diwﬂ _N IZYzh Q{D* czflg{

1/2 _
Sidier =Ni / ZYm oDy Oikecr

— “1 <
Ui =N Z Y, oDy Yingr
1<h1#ha <N
A
—1 <7
Vikor =WNiN) ™2 N " Vi oD Y, o
h1=1ho=1

1/2 _
Wi =N; Y ZYm oD i
h=1

and 6;;, v = Qi v — Qi v~ Noting the fact that g,; > C*e and the conditions
that &, y(logT)™! — oo and né, n(logT) ™2 — oo, the conclusion follows.
L]

Additional simulation results. Following Section 4.2 in the manuscrip-
t, we present additional numerical comparisons of the empirical test sizes
between our Q ;> test, and W~( W) proposed by ? and W(HS) by ?. Tables
S1-S6 correspond to the 51gn1ﬁcance levels of 1%, 5%, and 10% with "= 100
and 10. Similar conclusions can be drawn as follows. The empirical sizes of

HS)

our test are reasonably close to the nominal levels, while those of ng %) ex-

W)

perience the most serious distortion, and Wigs performs poorly for small
n.

For power comparison, we examine more alternatives which allow signals
to occur on both .7 and %. Recall that qo = {w/d1], (1 — w)/(p — d) l—gid}T.

We consider two alternatives:

(5) @i = {@/d1}, (1 - 2)/(p — d)1]_,),
() a1 = {w/dLT, (1-w)/(p— TT_J"

Figure S1 depicts the power curves of the above three tests against @ and
d, respectively. In most cases, va s, performs better than the other two
competitors in terms of attaining high power while maintaining the test
size. Also, Figure S2 presents the size-corrected power comparison regarding
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the performance of Qp o7 Mp, H;(,S“m) and H,()max). Overall, our procedure
performs more satisfactorily under both alternatives.
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TABLE S1
Comparison of empirical sizes (%) at a 1% significance level for the change-point
test under Hy : qo = {w/d1], (1 —w)/(p — d)l—;_d}—r and different (p, N )-settings
when T = 100.

w=0.3 w=0.5 w=0.7
(SW) (HS) (SW) (HS) (SW) (HS)
P n Qg Wy Wy QW W QW T W
500 1 144 000 000 1.68 014 000 146 078  0.02
10 134 034 000 134 1.18 000 1.54 242  0.00
20 114 050 020 132 098 006 142 276  0.00

50 1.38  0.58 1.76 1.16  0.66 096 112 1.32 0.42

1000 1 1.56  0.00 0.00 210 0.08 0.00 1.36 0.82 0.00
10 1.32 0.24 0.00 1.30 0.98 0.00 1.60 2.62 0.00
20 094 048 0.00 1.26 1.32 0.00 1.38 2.92 0.00
50 1.42 0.58 0.60 1.30 1.20 0.10 1.04 2.32 0.00

TABLE S2
Comparison of empirical sizes (%) at a 5% significance level for the change-point
test under Ho : qo = {w/d1}, (1 —w)/(p — d)l—[';_d}—r and different (p, N )-settings

when T = 100.
w=20.3 w=20.5 w=0.7
pon Qs W; Wy = Qpw Ws W = Qpw Ws P

500 1 5.16 0.00 0.00 6.00 0.84 0.06 4.14 2.76 0.52
10 544 1.84 0.66 550 3.24 0.22 588 5.82 0.04
20 554 214 3.48 538 3.50 1.74 6.06 6.14 0.40
50 6.20 2.60 9.14 5.12 3.04 6.56 5.36  4.56 3.58

1000 1 5.58 0.00 0.00 4.72  0.66 0.10 254 3.10 0.50
10 5.64 1.26 0.04 556  3.26 0.00 5.54 5.94 0.00
20 5.18 1.82 0.38 5.24 4.06 0.18 590 6.30 0.00
50 5.98 2.22 4.46  5.72  3.32 2.60 554 6.44 0.46
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TABLE S3

Comparison of empirical sizes (%) at a 10% significance level for the change-point
test under Hy : qo = {w/d1], (1 —w)/(p — d)l—;_d}—r and different (p, N )-settings

when T = 100.
w=20.3 w=0.5 w=0.7
(SW) (HS) (SW) (HS) (SW) (HS)
pon Qg W W~ Quw Wy W~ Quw Wy W

500 1 8.68 0.00 0.04 9.68 1.88 0.60 6.62  5.40 2.20
10 11.02 2.86 3.56 11.28 5.84 142 11.16 9.32 0.38
20 10.68 3.98 9.76 11.18 5.90 6.12 10.92 9.24 2.22
50 10.48 4.86 17.14 1094 5.82 15.86 10.70 7.62  10.56

1000 1 836 0.02 0.00 7.54 1.86 0.56 3.94 548 1.76
10 10.70  2.08 0.20 11.28 5.24 0.08 10.60 9.02 0.00
20 10.80 3.18 2.44 998 5.36 1.02 11.10 10.44 0.20
50 10.54 4.08 11.20 12.14 6.56 7.24 1132 8.72 3.16

TABLE S4
Comparison of empirical sizes (%) at a 1% significance level for the change-point
test under Ho : qo = {w/d1}, (1 —w)/(p — d)l—[';_d}—r and different (p, N )-settings

when T = 10.
w=20.3 w=20.5 w=0.7
pon Qs W; Wy = Qpw Ws W = Qpw Ws W

500 10 1.46 0.00 0.00 1.98 0.62 0.00 140 1.68 0.00
20 160 0.26 0.00 1.82 0.90 0.00 180 3.34 0.00
50 1.20 0.52 0.00 1.56 1.78 0.00 1.72 4.12 0.00
100 1.30 0.94 0.00 1.26 2.02 0.00 1.64 4.06 0.00

1000 10 2.22  0.00 0.00 1.76 0.46 0.00 0.90 1.76 0.00
20 164 0.06 0.00 1.74 1.26 0.00 1.90 2.66 0.00
50 1.32  0.40 0.00 1.72 1.90 0.00 146 3.96 0.00
100 1.44 0.66 0.00 146 2.36 0.00 1.68 4.12 0.00
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TABLE S5
Comparison of empirical sizes (%) at a 5% significance level for the change-point
test under Hy : qo = {w/d1], (1 —w)/(p — d)l—;_d}—r and different (p, N )-settings

when T = 10.
w=20.3 w=0.5 w=0.7
(SW) (HS) (SW) (HS) (SW) (HS)
pon Qs W; W = Qpw Ws W Qpw Ws W

500 10 4.70 0.14 0.00 6.00 2.74 0.04 442 6.32 0.10
20 476 0.98 0.00 598 4.42 0.00 7.14 820 0.04
50 5.44 236 0.02 5.70 6.34 0.00 5.70 9.90 0.00
100 5.68  3.92 0.24 580 6.26 0.00 6.12 9.92 0.00

1000 10 4.88 0.10 0.00 440 2.74 0.00 292 6.26 0.18
20 524 0.70 0.00 5.66 4.26 0.00 5.32 7.72 0.02
50 5.66 1.72 0.00 6.34 5.30 0.00 5.74 9.12 0.00
100 6.06 2.70 0.06 5.10 5.88 0.00 5.68 9.72 0.00

TABLE S6
Comparison of empirical sizes (%) at a 10% significance level for the change-point
test under Ho : qo = {w/d1}, (1 —w)/(p — d)l—[';_d}—r and different (p, N )-settings

when T = 10.
w=20.3 w=20.5 w=0.7
pon Qg W W~ Quw Wy Wy~ Quw Wy P

500 10 8.12 0.78 0.06 8.82  5.82 0.26 5.74 10.50  0.68
20 10.12 2.60 0.02 11.26 7.02 0.06 9.86 1240 0.30
50 9.88 4.34 0.14 9.58 9.38 0.06 10.80 14.28 0.02
100 10.16 7.00 1.24 10.62 9.72 0.44 11.00 15.00 0.16

1000 10 7.18 0.70 0.00 7.08 5.62 0.10 4.28 10.50 0.70
20 994 1.84 0.04 10.36 7.02 0.06 810 12,58 0.38
50 11.58 3.86 0.02 10.68 9.02 0.00 10.62 14.00 0.00
100 10.26 5.24 0.24 10.60 9.70 0.02 10.84 14.20 0.02
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Fig S1. Comparison of empirical power for the proposed ngf test, ngsw) by ?
and Wngs) by ? under the alternative hypotheses (S—i) and (S—ii) with w = 0.5 and

d=6.
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