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The key step of the proofs is the decomposition of the observations into
Xtj =

∑N0t
i=N0,t−1+1 Yij for j = 1, . . . , p, t = 1, . . . , T with the convention of

N00 = 0 and N0T = N , where {(Yi1, . . . , Yip)⊤}Ni=1 are independent according
to a sequence of multinomial distributions, Multi

(
1, (p̃i1, . . . , p̃ip)

⊤), where
p̃ij =

{
q0j , for i = 1, . . . , N0τ∗ ,
q1j , for i = N0τ∗ + 1, . . . , N.

Denote Ỹij = Yij − p̃ij , and let q ≡ q0,B be the collection of q0j with j ∈ B
and Σ ≡ Σ0,B = diag(q) − qq⊤, where diag(a) is a diagonal matrix whose

diagonal elements are the elements of vector a. Denote Ỹi ≡ Ỹi,B as the
collection of all Ỹij with j ∈ B.

Technical lemmas. We start with several necessary lemmas.

Lemma S.1. Under Assumption (A1), we have

tr(Σ2) = q⊤q{1 + o(1)},
q⊤Σq/tr(Σ2) = o(1),

tr(Σ4)/(q⊤q)2 =
(∑

j∈B

q40j

)
{1 + o(1)}/(q⊤q)2 + o(1),

E{(Ỹ⊤
1ΣỸ1)

2}/(q⊤q)2 =
(∑

j∈B

q30j

)
{1 + o(1)}/(q⊤q)2 + o(1),

E
{
(Ỹ⊤

1Ỹ2)
4/(q⊤q)2

}
= (q⊤q)−1 +O(1) +O

{(∑
j∈B

q30j

)
/(q⊤q)2

}
.

Lemma S.2 (Bernstein’s inequality). Let X1, . . . , Xn be independent cen-
tered random variables a.s. bounded by A < ∞ in absolute value. Let σ2 =

1
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n−1
∑n

i=1 E(X
2
i ). Then for all x > 0,

Pr
( n∑

i=1

Xi ≥ x
)
≤ exp

(
− x2

2nσ2 + 2Ax/3

)
.

Lemma S.3 (A Bernstein-type inequality for degenerate U-statistics of
order two). Consider the degenerate U-statistic of order two, i.e., Un =∑

1≤i<k≤n hik(Xi,Xk), where Xi’s are independent random vectors and hik
satisfies that, for all i, k, E|hik(Xi,Xk)| < ∞ and E{hik(x1,Xk)} = E{hik(Xi,x2)} =
0. Then for all x > 0,

Pr(Un ≥ x) ≤ exp
[
1−min

{
C1

( x
C

)2
, C2

x

D
,C3

( x

B

)2/3
, C4

( x
A

)1/2}]
,

where

A = max
i,k

sup
x1,x2

|hik(x1,x2)|,

B2 = max
{
max
k

sup
x2

k−1∑
i=1

E{h2ik(Xi,x2)},max
i

sup
x1

n∑
k=i+1

E{h2ik(x1,Xk)}
}
,

C2 =
∑
i<k

E{h2ik(Xi,Xk)},

D = sup
f,g

{∑
i<k

E{hik(Xi,Xk)fi(Xi)gk(Xk)} :

n−1∑
i=1

E{f2
i (Xi)} ≤ 1,

n∑
k=2

E{g2k(Xk)} ≤ 1
}

and C1, C2, C3, C4 are positive constants.

The first lemma can be verified by some algebraic calculations. The second
and third lemmas are on concentration inequalities. The first one is the well-
known Bernstein inequality for the sum of centered bounded independent
random variables, and the second is its extension to degenerate U -statistics
of order two based on an independent vector-valued sample. The proofs can
be found in Theorem 3.1.7 and Theorem 3.4.8 of ?, respectively.

Proof of Theorem 1. We only give a detailed proof of (ii). Let q∗j =
N0τ∗
N q0j +

N1τ∗
N q1j and σ2

∗j = N0τ∗
N σ2

0j +
N1τ∗
N σ2

1j , where σ2
lj = qlj(1 − qlj)

for l = 0, 1. We observe that |A | < 2ap/ε and |Â | < ap/(Cε), where |A |
denotes the cardinal number of a set A .
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Assume A ̸= ∅. We first show that Pr(A ⊂ Â ) → 1, as (p,N) → ∞.
If A ̸⊂ Â , then there exists some j ∈ A0 ∪ A1 but j ̸∈ Â , i.e., qljap > ε
for l = 0 or 1 and q̂jap ≤ Cε. We can obtain that (q∗j − q̂j)ap > (C∗ − C)ε
for some j ∈ A as (p,N) → ∞, where C∗ = min(κ0, 1 − κ0)/2. It fol-
lows that {A ̸⊂ Â } ⊂ {(q∗j − q̂j)ap > (C∗ − C)ε for some j ∈ A }. Hence{
maxj∈A (q∗j − q̂j)ap ≤ (C∗ − C)ε

}
⊂ {A ⊂ Â }. Consequently, for any

C < C∗,

Pr(A ⊂ Â ) ≥ Pr

{
max
j∈A

(q∗j − q̂j)ap ≤ (C∗ − C)ε

}
≥ 1−

∑
j∈A

Pr {(q∗j − q̂j)ap > (C∗ − C)ε}

= 1−
∑
j∈A

Pr

{
N∑
i=1

(−Ỹij) > Na−1
p (C∗ − C)ε

}

≥ 1− |A | exp

{
−

Na−2
p (C∗ − C)2ε2

2 + 2a−1
p (C∗ − C)ε/3

}
→ 1,

provided thatNa−2
p (log ap)

−1 → ∞. The last inequality follows from Lemma
S.2 and, to be specific, for all x > 0,

Pr
{ N∑

i=1

(−Ỹij) > x
}
≤ exp

(
− x2

2Nσ2
∗j + 2x/3

)
,

and the fact that σ2
lj ≤ 1.

Next, we demonstrate that Pr(Â ⊂ A ) → 1, as (p,N) → ∞. If Â ̸⊂ A ,
then there exists some j ∈ Â but j ̸∈ A , i.e., q̂jap > Cε and, by Assumption
(A1), for any C > 0 and large enough p, qljap < Cε/2 for any l = 0, 1. We

have that (q̂j − q∗j)ap > Cε/2 for some j ∈ Â . Similarly, we can show that

Pr(Â ⊂ A ) ≥ Pr
{
max
j∈Â

(q̂j − q∗j)ap ≤ Cε/2
}

≥ 1−
∑
j∈Â

Pr
( N∑

i=1

Ỹij > Na−1
p Cε/2

)
→ 1,

provided that Na−2
p (log ap)

−1 → ∞. Finally, it is easy to check that Â = ∅
if A = ∅. Hence (ii) follows. �
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Proof of Theorem 2. Proof of part (i) Let cτ = N0τN1τ/N and we
introduce

ai,τ =

{
N−1

0τ , i = 1, . . . , N0τ ,

−N−1
1τ , i = N0τ + 1, . . . , N.

For simplicity, we use
∑

τ and
∑

τ<τ ′ to denote
∑

τ∈T and
∑

τ<τ ′

τ,τ ′∈T
, re-

spectively. Also let bik =
∑

τ cτai,τak,τ for 1 ≤ i, k ≤ N . Under the null
hypothesis, we can rewrite Lτj as

Lτj − L
(0)
τj = −q20j + 2

∑
1≤i<k≤N

cτai,τak,τ Ỹij Ỹkj − 2
N∑
i=1

cτa
2
i,τ Ỹijq0j ,

and Sp ≡ Sp,A as

Sp = −ΛT

∑
j∈B

q20j + Sp,1 + Sp,2,

where Sp,1 = 2
∑

1≤i<k≤N bik
∑

j∈B Ỹij Ỹkj and Sp,2 = −2
∑N

i=1 bii
∑

j∈B Ỹijq0j .
Recall that q ≡ q0,B is the collection of q0j with j ∈ B and Σ ≡ Σ0,B =

diag(q) − qq⊤. It is easy to verify that E(Sp) = −ΛTq
⊤q and Var(Sp) =

Var(Sp,1) + Var(Sp,2), where under Assumption (A2),

Var(Sp,1) =
∑
i̸=k

b2ik · 2tr(Σ2) =
{
2
∑
τ<τ ′

N0τ

N1τ

N1τ ′

N0τ ′
+ ΛT +O

(T 2

N

)}
· 2tr(Σ2)

and

Var(Sp,2) = 4
∑
i

b2iiq
⊤Σq = O

(T 2

N

)
q⊤Σq.

Hence, we conclude that Var(Sp,2)/Var(Sp,1) → 0 and

Var(Sp) =
(
2
∑
τ<τ ′

N0τ

N1τ

/N0τ ′

N1τ ′
+ ΛT

)
· 2q⊤q{1 + o(1)},

under Assumption (A1) and by Lemma S.1. �
Proof of part (ii) Note that

Sp − E(Sp)√
Var(Sp)

= Sp,1/σp + op(1),
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where σ2
p = 2cN,T

∑
j∈B q20j and cN,T = 2

∑
τ<τ ′ N0τN1τ ′/(N1τN0τ ′) + ΛT .

Recall that Ỹi ≡ Ỹi,B is the collection of all Ỹij with j ∈ B. Let SN1 = 0,

and for l = 2, . . . , N , let VNl =
∑l−1

i=1 bilỸ
⊤
i Ỹl and SNl =

∑l
k=2 VNk. If we de-

fine FN,l−1 = σ{Ỹ1, . . . , Ỹl−1}, the σ-algebra generated by {Ỹ1, . . . , Ỹl−1},
then E(VNl|FN,l−1) = 0. Hence, for each N , SN2, . . . , SNN are martingales
and VN2, . . . , VNN are the martingale differences. Based on Corollary 3.1 of
?, it suffices to show that for any ϵ > 0,

N∑
l=2

σ−2
p E{V 2

NlI(|VNl| > ϵσp)}
P→ 0,(S.1)

and there exists γ ∈ (0,∞) such that

N∑
l=2

σ−2
p E(V 2

Nl|FN,l−1)
P→ γ.(S.2)

Then we can assert that Sp,1/σp
D→ N(0, 1) as (p,N) → ∞.

We first verify (S.2). For simplicity, we denote El−1(·) = E(·|FN,l−1), and
then

Ul = El−1

(
V 2
Nl

)
=

∑
1≤i1,i2≤l−1

bi1lbi2lỸ
⊤
i1ΣỸi2 .

It is easy to show that

E
( N∑

l=2

Ul

)
=
∑
i1<l

b2i1ltr(Σ
2) =

1

4
σ2
p{1 + o(1)},

which indicates γ = 1/4.

We next demonstrate that E
{(

σ−2
p

∑N
l=2 Ul−1/4

)2}
→ 0 as (p,N) → ∞.

It suffices to show that

E
{( N∑

l=2

Ul

)2}/
σ4
p =

N∑
l=2

E(U2
l )/σ

4
p + 2

∑
2≤l<l′≤N

E(UlU
′
l )/σ

4
p → 1/16.
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Assume l < l′ and expand E(UlU
′
l ) as

E(UlU
′
l ) = E

{( ∑
1≤i1,i2≤l−1

bi1lbi2lỸ
⊤
i1ΣỸi2

)( ∑
1≤i3,i4≤l′−1

bi3l′bi4l′Ỹ
⊤
i3ΣỸi4

)}
=

∑
1≤i1,i2≤l−1
1≤i3,i4≤l′−1

bi1lbi2lbi3l′bi4l′E
(
Ỹ⊤

i1ΣỸi2Ỹ
⊤
i3ΣỸi4

)

= 2
∑

1≤i1 ̸=i2≤l−1

b2i1lb
2
i2ltr(Σ

4) +

l−1∑
i1=1

l′−1∑
i3=1,i3 ̸=i1

b2i1lb
2
i3l′tr

2(Σ2)

+

l−1∑
i1=1

b4i1lE
{(

Ỹ⊤
i1ΣỸi1

)2}
.

Consequently, we can write

E
{( N∑

l=2

Ul

)2}/
σ4
p = A+B1 +B2 +B3,

where

A = 2
∑

2≤l<l′≤N

l−1∑
i1=1

l′−1∑
i3=1,i3 ̸=i1

b2i1lb
2
i3l′tr

2(Σ2)/σ4
p,

B1 = 4

N−1∑
l=2

(N − l)
∑

1≤i1 ̸=i2≤l−1

b2i1lb
2
i2ltr(Σ

4)/σ4
p,

B2 = 2

N−1∑
l=2

(N − l)

l−1∑
i1=1

b4i1lE
{(

Ỹ⊤
1ΣỸ1

)2}/
σ4
p,

and B3 =
∑N

l=2 E(U
2
l )/σ

4
p. Under Assumptions (A1)–(A2) and by Lemma

S.1, tedious algebra yields that

A =
(∑

i<l

b2il

)2
tr2(Σ2)/σ4

p{1 + o(1)} =
1

16
{1 + o(1)}.

Additionally, under Assumptions (A3)–(A4), we conclude that

B1 = O
(tr(Σ4)

(q⊤q)2

)
= o(1) and B2 = O

(
N−1E{(Ỹ⊤

1ΣỸ1)
2}

(q⊤q)2

)
= o(1).

Similarly, we can show that B3 = o(1), and thus (S.2) follows.
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The Lindeberg condition (S.1) can be established by showing that a
stronger Liapounov condition,

∑N
l=2 E(V

4
Nl)/σ

4
p = o(1), holds. We expand∑N

l=2 E(V
4
Nl) as

N∑
l=2

E(V 4
Nl)

=
N∑
l=2

E
{( l−1∑

i=1

bilỸ
⊤
i Ỹl

)4}
=

N∑
l=2

l−1∑
i=1

b4ilE(Ỹ
⊤
i Ỹl)

4 +
N∑
l=2

3
∑

1≤i1 ̸=i2≤l−1

b2i1lb
2
i2lE(Ỹ

⊤
l Ỹi1Ỹ

⊤
i1ỸlỸ

⊤
l Ỹi2Ỹ

⊤
i2Ỹl)

= C + 3D.

Following similar argument as that in the verification of (S.2), we can show
that

C/σ4
p = O

(
N−2E(Ỹ

⊤
1Ỹ2)

4

(q⊤q)2

)
and D/σ4

p = O
(
N−1E{(Ỹ⊤

1ΣỸ1)
2}

(q⊤q)2

)
.

Again by Lemma S.1 and Assumptions (A3)–(A4), we obtain (C+3D)/σ4
N =

o(1), from which Theorem 2 follows. �
Proof of part (iii) It suffices to show that, under H0, Pr(Ep,A = 0) → 1 as
(p,N) → ∞, i.e.,

Pr

(
max
τ∈T

max
j∈A0

Rτj > rp

)
→ 0.

Let R̃τj = Lτj/q0j . First note that, for any sp > 0,

Pr(max
τ∈T

max
j∈A0

Rτj > rp) ≤ Pr(max
τ∈T

max
j∈A0

R̃τj > rp/sp) + Pr
(
max
j∈A0

q0j
q̂j

> sp

)
.

On the one hand, for sp = 2,

Pr
(
max
j∈A0

q0j
q̂j

> sp

)
= Pr

{
max
j∈A0

(
1− q̂j

q0j

)
> 1− s−1

p

}
≤

∑
j∈A0

Pr
{ N∑

i=1

(−Ỹij) > (1− s−1
p )Nq0j

}
≤

∑
j∈A0

exp
{
− Nq0j

8(1− q0j) + 4/3

}
→ 0,
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by Lemma S.2 and the fact that Na−1
p (log ap)

−1 → ∞. On the other hand,

Pr
(
max
τ∈T

max
j∈A0

R̃τj > rp/2
)
≤
∑
τ∈T

∑
j∈A0

Pr
(∣∣∣ N∑

i=1

√
cτai,τ Ỹij

∣∣∣ >√rp/2q
1/2
0j

)
→ 0,

again by Lemma S.2 and Assumptions (A2) and (A5). �

Proof of Proposition 1. To show that UN,A /q⊤q
P→ 1, we let Yi,B be

the collection of all Yij with j ∈ B and thus we write UN,A = {N(N −
1)}−1

∑
i ̸=k Y

⊤
i,BYk,B. It suffices to note that E(UN,A ) = q⊤q and

E(U2
N,A )/(q⊤q)2 =

(N)4
(N)22

+O
{∑

j∈B q30j
N(q⊤q)2

}
+O

( 1

N2q⊤q

)
,

where (x)m = x(x− 1) · · · (x−m+1) denotes the Pochhammer symbol. By
Assumption (A3), E{(UN,p/q

⊤q− 1)2} → 0 as (p,N) → ∞. �

Proof of Theorem 3. Proof of part (i) Let p̃i ≡ p̃i,B be the collection
of p̃ij with j ∈ B. Similar to the arguments in the proof of Theorem 2, we
first write Sp ≡ Sp,A as

Sp = −ϵp + Sp,u − 2Sp,v + 2Sp,x + sp,

where ϵp =
∑N

i=1 biip̃
⊤
i p̃i, Sp,u =

∑
1≤i̸=k≤N bikỸ

⊤
i Ỹk, Sp,v =

∑N
i=1 biiỸ

⊤
i p̃i,

Sp,x =
N∑
i=1

( τ∗∑
τ=⌈a(T−1)⌉

cτai,τ
N1τ∗

N1τ
+

⌈b(T−1)⌉∑
τ=τ∗+1

cτai,τ
N0τ∗

N0τ

)
Ỹ⊤

iδB,

sp =
( τ∗∑

τ=⌈a(T−1)⌉

N0τ

N1τ

N2
1τ∗

N2
+

⌈b(T−1)⌉∑
τ=τ∗+1

N1τ

N0τ

N2
0τ∗

N2

)
·N

∑
j∈B

δ2j ,

and δB denotes the collection of all δj ’s with j ∈ B.
Let qa be the collection of all q1j ’s with j ∈ B and Σa = diag(qa)−qaq

⊤
a.

By Assumption (A2), τ∗ = ⌈γ(T − 1)⌉ and N0τ∗/N → κ0, we have

ϵp = O[T{κ0q⊤q+ (1− κ0)q
⊤
aqa}],

Var(Sp,u) = O{T 2tr(Σ2
κ0
)},

Var(Sp,v) = O[T 2N−1{κ0q⊤Σq+ (1− κ0)q
⊤
aΣaqa}],

Var(Sp,x) = O(T 2Nδ⊤BΣκ0δB),

sp = O(TNδ⊤BδB),
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where Σκ0 = κ0Σ+ (1− κ0)Σa. By Assumption (A1), it is straightforward
to show that

tr(Σ2
κ0
) = q⊤κ0

qκ0{1 + o(1)} and κ0q
⊤Σq+ (1− κ0)q

⊤
aΣaqa = o(q⊤κ0

qκ0),

where qκ0 = κ0q+ (1− κ0)qa. Hence, we conclude that

Var(Sp,u − 2Sp,v) = Var(Sp,u) + 4Var(Sp,v)

= O[T 2q⊤κ0
qκ0{1 + o(1)}],

by noting that Cov(Sp,u, Sp,v) = 0, which results in that Sp,u − 2Sp,v =

Op

(
T
√
q⊤κ0

qκ0

)
. Obviously, ϵp = o

(
T
√

q⊤κ0
qκ0

)
, and furthermore since

Nδ⊤BδB/(max
l

∑
j∈B q2lj)

1/2 → ∞, we have Nδ⊤BδB/max
l;j∈B

qlj → ∞ and

Sp,x = op(sp). Now it is clear that Sp = sp{1 + op(1)}+Op

(
T
√

q⊤κ0
qκ0

)
.

Next we focus on the asymptotic analysis of UN,A under the alternative.
Tedious yet straightforward calculations yield that

E(UN,A ) = q⊤κ0
qκ0 + o(1),

E(U2
N,A ) = (q⊤κ0

qκ0)
2 + 4N−1q⊤κ0

Dκ0qκ0 + 2N−2q⊤κ0
qκ0 + o(1),

since N0τ∗/N → κ0, where Dκ0 = κ0diag(q)+(1−κ0)diag(qa). By Assump-
tion (A3), we can show that

E{(UN,A /q⊤κ0
qκ0 − 1)2} → 0,

and thus UN,A /q⊤κ0
qκ0

P→ 1. Also, by Assumption (A2), we have cN,T =
O(T 2). Combining these results, we have

Sp,A√
2cN,TUN,A

= O

 Nδ⊤BδB√
q⊤κ0

qκ0

{1 + op(1)}+Op(1)

/√ UN,A

q⊤κ0
qκ0

P→ ∞,

as (p,N) → ∞, by the assumption that Nδ⊤BδB/(max
l

∑
j∈B q2lj)

1/2 → ∞.

Proof of part (ii) We observe that

Pr
(
max
τ∈T

max
j∈A

Rτj > rp

)
≥ Pr(Rτ∗j′ > rp).
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It is straightforward to show that√
N0τ∗N1τ∗

N

(Z0τ∗j′

N0τ∗
−

Z1τ∗j′

N1τ∗

)
=

√
cτ∗

N∑
i=1

ai,τ∗ Ỹij +
√
cτ∗δj′

= Op

{( N∑
i=1

c∗τa
2
i,τ∗ p̃ij

)1/2}
+

√
cτ∗δj′

and q̂j′/q∗j′
P→ 1 since Na−1

p → ∞ by Assumption (A1). Hence, by Assump-
tion (A2) and the condition that N0τ∗/N → κ0,√

N0τ∗N1τ∗

N

(Z0τ∗j′

N0τ∗
−

Z1τ∗j′

N1τ∗

)/
q̂
1/2
j′

=
Op

{(∑N
i=1 c

∗
τa

2
i,τ∗ p̃ij

)1/2}
+

√
cτ∗δj′

q
1/2
∗j′ {1 + op(1)}

= Op(1) +

√
cτ∗δj′

q
1/2
∗j′

{1 + op(1)}

= Op(1) +
{κ0(1− κ0)}1/2N1/2δj′

{κ0q0j + (1− κ0)q1j}1/2
{1 + op(1)}.

Since Nδ2j′r
−1
p → ∞, we conclude that Pr(Rτ∗j′ > rp) → 1. �

Proof of Corollary 1. This proof contains two parts (i)–(ii).
(i) If there exists some j′ ∈ A such that δ′j ̸= 0 and further we assume that

Nδ2j′r
−1
p → ∞, from the proof of Theorem 3, we know Pr(Ep,Â = ep) → 1.

Assume τ < τ∗. Following similar steps in the proof of Theorem 3, we can
show that, for any τ ∈ T and j ∈ A ,√

N0τN1τ

N

(Z0τj

N0τ
− Z1τj

N1τ

)
=

√
cτ

N∑
i=1

ai,τ Ỹij +
√
cτ

N1τ∗

N1τ
δj

= Op

{( N∑
i=1

cτa
2
i,τ p̃ij

)1/2}
+

√
cτ

N1τ∗

N1τ
δj

= Op{(max
lj

qlj)
1/2}+

√
cτ

N1τ∗

N1τ
δj

and q̂j/q∗j
P→ 1 if Na−1

p → ∞ by Assumption (A1), where q∗j = N0τ∗
N q0j +
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N1τ∗
N q1j . Hence, by Assumption (A2),

√
N0τN1τ

N

(Z0τj

N0τ
− Z1τj

N1τ

)/
q̂
1/2
j =

Op

{(∑N
i=1 cτa

2
i,τ p̃ij

)1/2}
+

√
cτ

N1τ∗
N1τ

δj

q
1/2
∗j {1 + op(1)}

= Op(1) +

√
cτ

N1τ∗
N1τ

δj

q
1/2
∗j

{1 + op(1)}.

We aim to demonstrate that Pr(maxj∈A Rτj < maxj∈A Rτ∗j) → 1. Denote
jτ = argmaxj∈A Rτj . We claim that Nδ2jτ r

−1
p → ∞, since if δ2jτ = o(δ2j′),

Pr(Rτjτ > Rτj′) =Pr
[o(δ2j′)

q̂jτ
>

δ2j′{1 + op(1)}
q̂j′

]
=Pr

[
op(1) >

q∗jτ {1 + op(1)}
q∗j′{1 + op(1)}

]
≤Pr{op(1) > C∗εa−1

p } → 0,

by Assumptions (A1)–(A2) and (A5), where C∗ = min(N0τ∗ , N1τ∗) and
a−1
p = O(1). Then noting that

Rτjτ −Rτ∗jτ =

(
cτ

N2
1τ∗

N2
1τ

− c∗τ

)
δ2jτ {1 + op(1)}

q̂jτ

=

(
N0τ
N0τ∗

N1τ∗
N1τ

− 1
)
κ0(1− κ0)Nδ2jτ {1 + op(1)}

q̂jτ
,

we have Pr(Rτjτ < Rτ∗jτ ) → 1 if

lim
N→∞

(N0τ/N − κ0)Nδ2j′ → ∞.

Hence Pr(Rτjτ < maxj∈A Rτ∗j) ≥ Pr(Rτjτ < Rτ∗jτ ) → 1. A similar conclu-
sion can be drawn if τ > τ∗.

(ii) If all δj = 0 for j ∈ A , from the proof of Theorem 2 (iii), we know

Pr(Ep,Â = ep) → 0. Denote Mτ =
∑

j∈B(Lτj−L
(0)
τj ). Following similar steps

in the proof of Theorem 3, we can show that

Mτ = cτ
N2

1τ∗

N2
1τ

∑
j∈B

δ2j {1 + op(1)}+Op

(√
q⊤κ0

qκ0

)
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and thus

Mτ −M∗
τ =

( N0τ

N0τ∗

N1τ∗

N1τ
− 1
)
κ00(1− κ00)N

∑
j∈B

δ2j {1 + op(1)}+Op

(√
q⊤κ0

qκ0

)
.

Hence, with probability tending to one, Mτ < M∗
τ if τ ≤ τ∗ − ζB,T , where

ζB,T > 0 satisfies

( lim
N→∞

N0,τ∗−ζB,T
/N − κ00)N

∑
j∈B

δ2j /
√

q⊤κ0
qκ0 → ∞,

as (p,N) → ∞. Similarly, with probability tending to one, Mτ < M∗
τ if

τ ≥ τ∗ + ζB,T , where ζB,T > 0 satisfies

( lim
N→∞

N0,τ∗+ζB,T
/N − κ00)N

∑
j∈B

δ2j /
√

q⊤κ0
qκ0 → ∞,

as (p,N) → ∞. That is, the probability that Mτ attains its maximum at τ
such that |τ − τ∗| ≥ ζB,T goes to zero as (p,N) → ∞. �

Proof of Theorem 5. Given a = 0, 1, . . . , A∗, we rewrite τ0b = τ∗B,a,b, b =

0, 1, . . . , B∗
a for ease of notation. Then forBa candidate change-points {τb}Ba

b=1

satisfying that τ∗A ,a ≡ τ0 < τ1 < · · · < τBa < τBa+1 ≡ τ∗A ,a+1, let

SB(τ1, . . . , τBa) =

Ba∑
b=0

τb+1∑
t=τb+1

∑
j∈B

{Xtj − ntX̄j(τb, τb+1)}2/nt,

and

SPen
Ba

= SB(τ̂Ba,1, . . . , τ̂Ba,Ba) +Ba{Q̂B(τ0, τBa+1) + ηp,N},

where (τ̂Ba,1, . . . , τ̂Ba,Ba) = argmin
τ1<···<τBa

SB(τ1, . . . , τBa) and Q̂B(τ0, τBa+1) =∑τBa+1

t=τ0

∑
j∈B Xtj/

∑τBa+1

t=τ0
nt. By Corollary 3 and Theorem 4, and under

the condition (10) in Theorem 5, it suffices to demonstrate that,

Pr
(
B̂a = B∗

a; |τ̂B̂a,b
− τ0b | ≤ δT , b = 0, 1, . . . , B∗

a

)
→ 1,(S.3)

where B̂a = argminBa
SPen
Ba

. We further extend the definition of SB(·) for a
set of candidate change-points {νi}Ii=1 ⊂ (τ0, τBa+1],

SB(ν1, . . . , νI) =

I∑
i=0

ν(i+1)∑
t=ν(i)+1

∑
j∈B

[Xtj − ntX̄j{ν(i), ν(i+1)}]2/nt,
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where ν(0) = τ0, ν(I+1) = τBa+1 and ν(1) < · · · < ν(I) are the ordered version
of νi’s.

The proof of (S.3) contains three parts (see Propositions S.1, S.2 and S.3
below). Firstly, we demonstrate that the minimization of SPen

Ba
includes no

less than B∗
a change-point estimators asymptotically.

Proposition S.1. Under the conditions in Theorem 5, Pr(B̂a ≥ B∗
a) →

1 as (p,N, T ) → ∞.

Proof. Assume that B∗
a > 0. Define

S0Pen
B∗

a
= SB(τ01 , . . . , τ

0
B∗

a
) +B∗

a{Q̂B(τ0, τBa+1) + ηp,N}.

Let ρT be the maximum integer less than λB,T /2 and consider 0 < Ba < B∗
a.

We introduce, for r = 1, . . . , B∗
a,

Θr(ρT ) = {τ1 < · · · < τBa : |τb − τ0r | > ρT for 1 ≤ b ≤ Ba}.

Since Ba < B∗
a, (τ̂Ba,1, . . . , τ̂Ba,Ba) must belong to one of the Θr(ρT )’s. For

every (τ1, . . . , τBa) ∈ Θr(ρT ), with probability approaching one,

SB(τ1, . . . , τBa)− SB(τ1, . . . , τBa , τ
0
1 , . . . , τ

0
r−1, τ

0
r − ρT , τ

0
r , τ

0
r + ρT , τ

0
r+1, . . . , τ

0
B∗

a
)

≥ (B∗
a + 2)QB +

ρ2Tn
2

N
∆B + op(ηp,N ),(S.4)

and

SB(τ1, . . . , τBa ,τ
0
1 , . . . , τ

0
r−1, τ

0
r − ρT , τ

0
r , τ

0
r + ρT , τ

0
r+1, . . . , τ

0
B∗

a
)

− SB(τ01 , . . . , τ
0
B∗

a
) ≥ −(Ba + 2)QB + op(ηp,N ),(S.5)

under Assumptions (B1)–(B2). Hence, with probability approaching one,

SB(τ̂Ba,1, . . . , τ̂Ba,Ba)− SB(τ01 , . . . , τ
0
B∗

a
) ≥ −(Ba −B∗

a)QB +
ρ2Tn

2

N
∆B + op(ηp,N ).

As a by-product in the proof of (S.4), we have

Q̂B(τ0, τBa+1)−QB = op(ηp,N ).

Then, we conclude that

Pr(SPen
Ba

> SPen
B∗

a
) ≥ Pr(SPen

Ba
> S0Pen

B∗
a

)

= Pr{SB(τ̂Ba,1, . . . , τ̂Ba,Ba)− SB(τ01 , . . . , τ
0
B∗

a
) + (Ba −B∗

a)Q̂B(τ0, τBa+1)

+(Ba −B∗
a)ηp,N > 0}

≥ Pr
[ρ2Tn2

N
∆B + op(ηp,N ) + (Ba −B∗

a){Q̂B(τ0, τBa+1)−QB}+ (Ba −B∗
a)ηp,N > 0

]
→ 1,
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if λ2
B,Tn

2N−1∆B/ηp,N → ∞. Thus, the proposition follows provided that
(S.4)–(S.5) hold.

Now we consider the claim (S.4). LetRj(s, e) =
∑e

t=s+1{Xtj−ntX̄j(s, e)}2/nt

and Nt1,t2 =
∑t2

t=t1+1 nt. For every (τ1, . . . , τBa) ∈ Θr(ρT ), we have

SB(τ1, . . . , τBa)− SB(τ1, . . . , τBa , τ
0
1 , . . . , τ

0
r−1, τ

0
r − ρT , τ

0
r , τ

0
r + ρT , τ

0
r+1, . . . , τ

0
B∗

a
)

=

Ba∑
b=0

∑
j∈B

Rj(τb, τb+1)−
Mb∑
i=0

∑
j∈B

Rj(νb,i, νb,i+1)


=

Ba∑
b=0

∑
j∈B


Mb∑
i=0

Rj(νb,i, νb,i+1) +
∑

0≤i<k≤Mb

Nνb,i,νb,i+1
+Nνb,k,νb,k+1

Nτb,τb+1

L
(b)
ik,j


−

Mb∑
i=0

Rj(νb,i, νb,i+1)

]

=

Ba∑
b=0

∑
0≤i<k≤Mb

Nνb,i,νb,i+1
+Nνb,k,νb,k+1

Nτb,τb+1

∑
j∈B

L
(b)
ik,j ,

where {νb,i}Mb
i=1 satisfy τb ≡ νb,0 < νb,1 < · · · < νb,Mb

< νb,Mb+1 ≡ τb+1 and take
values in {τ01 , . . . , τ0r−1, τ

0
r − ρT , τ

0
r , τ

0
r + ρT , τ

0
r+1, . . . , τ

0
B∗

a
}, and

L
(a)
ik,j =

Nνai ,ν
a
i+1

Nνak ,ν
a
k+1

Nνai ,ν
a
i+1

+Nνak ,ν
a
k+1

{X̄j(ν
a
i , ν

a
i+1)− X̄j(ν

a
k , ν

a
k+1)}2.

We observe that Qi,B = Qk,B for any i, k and

Ba∑
b=0

∑
0≤i<k≤Mb

Nνb,i,νb,i+1
+Nνb,k,νb,k+1

Nτb,τb+1

=

Ba∑
b=0

Mb = B∗
a + 2.

By Lemma S.4 below, we have that uniformly,

SB(τ1, . . . , τBa)− SB(τ1, . . . , τBa , τ
0
1 , . . . , τ

0
r−1, τ

0
r − ρT , τ

0
r , τ

0
r + ρT , τ

0
r+1, . . . , τ

0
B∗

a
)

≥(B∗
a + 2)QB +

Nτ0r−ρT ,τ0r
Nτ0r ,τ

0
r+ρT

N

∑
j∈B

(qrj − qr−1,j)
2 + op(ηp,N )

≥(B∗
a + 2)QB +

(ρTn)
2

N
min

1≤r≤L∗

∑
j∈B

(qrj − qr−1,j)
2 + op(ηp,N ),

where Nt1,t2 =
∑t2

t=t1+1 nt. Hence, the claim (S.4) follows.
Similarly, it is straightforward to show that (S.5) holds.
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Lemma S.4. Assume the conditions in Theorem 5 hold, then for any
1 ≤ i, k ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

τ∗k<t3<t4≤τ∗k+1

∑
j∈B

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

{X̄j(t1, t2)− X̄j(t3, t4)}2

=
Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

( Qi,B

Nt1,t2

+
Qk,B

Nt3,t4

)
+

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

∥qi,B − qk,B∥2{1 + op(1)}

+ op(ηp,N ).

where Qi,B =
∑

j∈B qij with qij being the j-th component of qi,

Proof. For ease of notation, we write Ni = Nt1,t2 ,Nk = Nt3,t4 , Nik =

Ni + Nk and cik = NiNk/N . We introduce Yi1, . . . ,YiNi

iid∼ Multi(1,qi),
where Yih = (Yih,1, . . . , Yih,p)

⊤ for h = 1, . . . ,Ni. Let Yih,B and qi,B be

the collections of Yih,j and qij with j ∈ B, respectively. Denote Ỹih,B =
Yih,B − qi,B. Following similar arguments in the proof of Theorem 3, we
can show that∑

j∈B

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

{X̄j(t1, t2)− X̄j(t3, t4)}2

=cik(Qi,B/Ni +Qk,B/Nk)−
Nk

Nik
q⊤i,Bqi,B − Ni

Nik
q⊤k,Bqk,B +

Nk

Nik
di,B +

Ni

Nik
dk,B

+ cikδ
⊤
ik,Bδik,B + 2

√
Nk

Nik

√
cikSi,δik,B − 2

√
Ni

Nik

√
cikSk,δik,B

+
Nk

Nik
Ui,B +

Ni

Nik
Uk,B − 2

√
NiNk

Nik
Vik,B − 2

Nk

Nik

Wi,B√
Ni

− 2
Ni

Nik

Wk,B√
Nk

,
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where

di,B =N−1
i

Ni∑
h=1

Ỹ⊤
ih,B1B

Si,δik,B =N−1/2
i

Ni∑
h=1

Ỹ⊤
ih,Bδik,B

Ui,B =N−1
i

∑
1≤h1 ̸=h2≤Ni

Ỹ⊤
ih1,BỸih2,B

Vik,B =(NiNk)
−1/2

Ni∑
h1=1

Nk∑
h2=1

Ỹ⊤
ih1,BỸkh2,B

Wi,B =N−1/2
i

Ni∑
h=1

Ỹ⊤
ih,Bqi,B

and δik,B = qi,B − qk,B.
By Lemmas S.5–S.9, we conclude that∑

j∈B

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

{X̄j(t1, t2)− X̄j(t3, t4)}2

=cik(Qi,B/Ni +Qk,B/Nk) + cikδ
⊤
ik,Bδik,B{1 + op(1)}+ op(ηp,N ).

Proposition S.2 shows that the global minimum of SPen
Ba

includes no more
than B∗

a change-point estimators asymptotically.

Proposition S.2. Assume the conditions in Theorem 5 hold, then Pr(B̂a >
B∗

a) → 0.

Proof. Let L be the upper bound on L∗. First assume that B∗
a > 0. It

suffices to show that, for all B∗
a < Ba ≤ L, Pr(SPen

Ba
> SPen

B∗
a
) → 1. Based on

the similar argument in the proof of Proposition S.1, we have

Pr(SPen
Ba

> SPen
B∗

a
) ≥ Pr(SPen

Ba
> S0Pen

B∗
a

)

= Pr{SB(τ̂Ba,1, . . . , τ̂Ba,Ba)− SB(τ01 , . . . , τ
0
B∗

a
) + (Ba −B∗

a)Q̂B(τ0, τBa+1)

+(Ba −B∗
a)ηp,N > 0}

≥ Pr
{
op(ηp,N ) + (Ba −B∗

a)ηp,N > 0
}

→ 1.
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If B∗
a = 0, and similarly, for any Ba > 0, we have Pr(SPen

Ba
> SPen

0 ) → 1.
Thus, the result follows.

Proposition S.3. Assume the conditions in Theorem 5 hold and if
B∗

a > 0, then

Pr
{
|τ̂B̂a,b

− τ0b | ≤ δB,T , b = 1, . . . , B∗
a

}
→ 1.

Proof. If there exists some r = 1, . . . , B∗
a such that |τ̂B̂a,r

− τ0r | > δB,T ,
following similar arguments in the proof of Proposition S.1, we can show
that, with probability approaching one,

SB(τ̂B̂a,1
, . . . , τ̂B̂a,B̂a

)− SB(τ01 , . . . , τ
0
B∗

a
) ≥

δ2B,Tn
2

N
∆B + op(ηp,N ).

Hence,

Pr(SPen
B̂a

> SPen
B∗

a
) ≥ Pr(SPen

B̂a
> S0Pen

B∗
a

) ≥ Pr
{δ2B,Tn

2

N
∆B + op(ηp,N ) > 0

}
→ 1,

provided that δ2B,Tn
2N−1∆B/ηp,N → ∞. This contradicts the fact that

Pr(B̂a = B∗
a) → 1 as we have demonstrated before.

Lemmas S.5–S.9 and their proofs.

Lemma S.5. Assume the conditions in Theorem 5 hold, then for any
0 ≤ i ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣∣∣∣N−1
t1,t2

∑
1≤h1 ̸=h2≤Nt1,t2

Ỹ⊤
ih1,BỸih2,B

∣∣∣∣∣∣ = op(ηp,N ).

Proof. Let UNi =
∑

h1<h2
Ỹ⊤

ih1,B
Ỹih2,B. It can be verified that the

parameters entering in the concentration inequality given by Lemma S.3
are A = 2, B2 = 2(Ni − 1)maxj∈B qij , C

2 = Ni(Ni − 1)/2 · tr(Σ2
i,B) and

D = Ni/2 ·
√

tr(Σ2
i,B), respectively, where Σi,B = diag(qi,B) − qi,Bq⊤i,B.
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Hence, we have

Pr
(

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣N−1
i

∑
1≤h1 ̸=h2≤Ni

Ỹ⊤
ih1,BỸih2,B

∣∣∣ > ηp,N

)
≤
∑
t1<t2

2Pr(UNi > Niηp,N/2)

≤
∑
t1<t2

2 exp

[
1− C0min

{(√
Ni

Ni − 1

ηp,N√
tr(Σ2

i,B)

)2

,
ηp,N√
tr(Σ2

i,B)
,

(
Niηp,N√

(Ni − 1)maxj∈B qij

)2/3

, (Niηp,N )1/2

}]
→ 0,

provided that {tr(Σ2
i,B)}−1/2ηp,N (log T )−1 → ∞ and nηp,N (log T )−2 → ∞,

as (p,N, T ) → ∞. Note that n(maxj∈B qij)
−1η2p,N (log T )−3 → ∞ results

from the former two since (q⊤i,Bqi,B)1/2/maxj∈B qij > 1 and tr(Σ2
i,B) =

q⊤i,Bqi,B{1 + o(1)} by Assumption (B1).

Lemma S.6. Assume the conditions in Theorem 5 hold, then for any
0 ≤ i < k ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

τ∗k<t3<t4≤τ∗k+1

∣∣∣∣∣∣N−1/2
t1,t2

N
−1/2
t3,t4

Nt1,t2∑
h1=1

Nt3,t4∑
h2=1

Ỹ⊤
ih1,BỸkh2,B

∣∣∣∣∣∣ = op(ηp,N ).

Proof. Let

Ỹh =

{
Ỹih,B, for h = 1, . . . ,Ni,

Ỹk,h−Ni,B, for h = Ni + 1, . . . ,Nik,

and

ah1,h2 =

{
1, if h1 = 1, . . . ,Ni; h2 = Ni + 1, . . . ,Nik,
0, otherwise.

We have

Ni∑
h1=1

Nk∑
h2=1

Ỹ⊤
ih1

Ỹkh2 =
∑

1≤h1<h2≤Nik

ah1,h2Ỹ⊤
h1
Ỹh2 .

Based on similar argument in the proof of Lemma S.5, this lemma follows.
Note that the parameters entering in the concentration inequality (Lemma
S.3) are A = 2, B2 = 2max{Ni,Nk} max

i;j∈B
qij , C

2 = NiNktr(Σi,BΣk,B) and

D =
√
NiNktr(Σi,BΣk,B), respectively.
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Lemma S.7. Assume the conditions in Theorem 5 hold, then for any
0 ≤ i ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣∣∣∣N−1/2
t1,t2

Nt1,t2∑
h=1

Ỹ⊤
ih,Bqi,B

∣∣∣∣∣∣ = op(ηp,N ).

Proof. By Lemma S.2, we have

Pr
(

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣N−1/2
i

Ni∑
h=1

Ỹ⊤
ih,Bqi,B

∣∣∣ > ηp,N

)
≤ 2

∑
t1<t2

exp

(
−

η2p,N

2q⊤i,BΣi,Bqi,B + 4/3maxj∈B qijN−1/2
i ηp,N

)
→ 0,

by noting that sup |Ỹ⊤
ih,Bqi,B| = 2maxj∈B qij and

η2p,N

q⊤i,BΣi,Bqi,B

1

log T
≥ 1

2

 ηp,N√
maxi q⊤i,Bqi,B

1

log T

2

log T

maxi;j∈B qij
→ ∞,

N 1/2
i ηp,N

maxj∈B qij

1

log T
≥

n1/2ηp,N

(maxi;j∈B qij)1/2(log T )3/2
(log T )1/2

(maxi;j∈B qij)1/2
→ ∞,

from which this lemma follows.

Lemma S.8. Assume the conditions in Theorem 5 hold, then for any
0 ≤ i ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣N−1
t1,t2

Nt1,t2∑
h=1

Ỹ⊤
ih,B1B

∣∣∣ = op(ηp,N ).

Proof. When B = {1, . . . , p}, this lemma holds obviously since Ỹ⊤
ih,B1B =

0. Hence we assume that Qi,B < 1. Again by Lemma S.2, we have

Pr
(

sup
τ∗i <t1<t2≤τ∗i+1

∣∣∣N−1
i

Ni∑
h=1

Ỹ⊤
ih,B1B

∣∣∣ > ηp,N

)
≤ 2

∑
t1<t2

exp
(
−

nη2p,N
2Qi,BQi,A + 2/3ηp,N

)
→ 0,

since nη2p,N (log T )−1 → ∞ and nηp,N (log T )−1 → ∞. This lemma follows.
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Lemma S.9. Assume the conditions in Theorem 5 hold, then

sup
i,k

cik∥δik,B∥2/ηp,N→∞

√
cikSi,δik,B

cik∥δik,B∥2
= op(1),

and

sup
i,k

cik∥δik,B∥2/ηp,N=O(1)

√
cikSi,δik,δ = op(ηp,N ).

Proof. We first assume that cik∥δik,δ∥2/ηp,N → ∞. For any 1 ≤ l < l
′ ≤

L∗, denote δ ≡ δll′,B = ql,B − ql′,B. It suffices to show that

Pr
(

sup
1≤t1<t2≤N1
1≤t3<t4≤N2

N1∑
h=1

Ỹ⊤
lh,Bδ > N 1/2

1

√
C∥δ∥2

)
→ 0,

where N1 = Nt1,t2 , N2 = Nt3,t4 and C = N1N2/(N1+N2). By the Bernstein
inequality (Lemma S.2), we have

Pr
(

sup
1≤t1<t2≤N1
1≤t3<t4≤N2

N1∑
h=1

Ỹ⊤
lh,Bδ > N 1/2

1

√
C∥δ∥2

)

≤
∑
t1<t2

∑
t3<t4

exp
(
− C∥δ∥4

2δ⊤Σl,Bδ + 8/3maxl;j∈B qljN
−1/2
1

√
C∥δ∥2

)
→ 0,

by the fact that sup |Ỹ⊤
lh,Bδ| = 4maxl;j∈B qlj , maxl;j∈B qlj ≤

√
maxl q

⊤
l,Bql,B

and

C∥δ∥4

δ⊤Σl,Bδ log T
≥ 1

2

C∥δ∥2

ηp,N

ηp,N√
maxl q

⊤
l,Bql,B log T

→ ∞,

N 1/2
1

√
C∥δ∥2

maxl;j∈B qlj log T
≥ C∥δ∥2

ηp,N

ηp,N√
maxl q

⊤
l,Bql,B log T

→ ∞.

Hence the first part of this lemma follows.
Suppose that cik∥δik∥2/ηp,N = O(1). Similarly, we have

Pr
(

sup
1≤t1<t2≤N1
1≤t3<t4≤N2

N1∑
h=1

Ỹ⊤
lh,Bδ > ηp,NN 1/2

1 C−1/2
)

≤
∑
t1<t2

∑
t3<t4

exp
(
−

η2p,N

2Cδ⊤Σl,Bδ + 8/3maxl;j∈B qljN
−1/2
1

√
Cηp,N

)
→ 0,
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since

η2p,N
Cδ⊤Σl,Bδ log T

≥ 1

2

ηp,N
C∥δ∥2

ηp,N√
maxl q

⊤
l,Bql,B log T

→ ∞,

ηp,NN 1/2
1

maxl;j∈B qlj
√
C log T

≥
ηp,N√

maxl q
⊤
l,Bql,B log T

→ ∞,

which completes the proof.

Proof of Theorem 4. The proof of Theorem 4 is similar to that of The-
orem 5, based on a parallel version of Lemma S.4 summarized below. Thus
we omit the proof.

Lemma S.10. Assume the conditions in Theorem 4 hold, then for any
1 ≤ i, k ≤ L∗,

sup
τ∗i <t1<t2≤τ∗i+1

τ∗k<t3<t4≤τ∗k+1

∑
j∈A

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

{X̄j(t1, t2)− X̄j(t3, t4)}2/q̂j

=
Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

∑
j∈A

(qij − qkj)
2

q∗j
{1 + op(1)}+ op(ξp,N ),

where q∗j = E(q̂j) =
∑L∗

l=1Nτ∗l−1,τ
∗
l
/Nqlj.

Proof. Use the notation in the proof of Lemma S.4, i.e.,Ni = Nt1,t2 ,Nk =

Nt3,t4 ,Nik = Ni+Nk and cik = NiNk/N . We introduceYi1, . . . ,YiNi

iid∼ Multi(1,qi),
where Yih = (Yih,1, . . . , Yih,p)

⊤ for h = 1, . . . ,Ni. Let Yih,A and qi,A be

the collections of Yih,j and qij with j ∈ A , respectively. Denote Ỹih,A =
Yih,A −qi,A . Following similar arguments as those in the proof of Theorem
3, we can show that∑

j∈A

Nt1,t2Nt3,t4

Nt1,t2 +Nt3,t4

{X̄j(t1, t2)− X̄j(t3, t4)}2/q∗j

=cik
∑
j∈A

(σ2
ij/Ni + σ2

kj/Nk)/q∗j +
Nk

Nik
di,A +

Ni

Nik
dk,A

+ cikδ
⊤
ik,A D−1

∗,A δik,A + 2

√
Nk

Nik

√
cikSi,δik,A − 2

√
Ni

Nik

√
cikSk,δik,A

+
Nk

Nik
Ui,A +

Ni

Nik
Uk,A − 2

√
NiNk

Nik
Vik,A − 2

Nk

Nik

Wi,A√
Ni

− 2
Ni

Nik

Wk,A√
Nk

,
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where

di,A =N−1
i

Ni∑
h=1

Ỹ⊤
ih,A D−1

∗,A 1A

Si,δik,A =N−1/2
i

Ni∑
h=1

Ỹ⊤
ih,A D−1

∗,A δik,A

Ui,A =N−1
i

∑
1≤h1 ̸=h2≤Ni

Ỹ⊤
ih1,A D−1

∗,A Ỹih2,A

Vik,A =(NiNk)
−1/2

Ni∑
h1=1

Nk∑
h2=1

Ỹ⊤
ih1,A D−1

∗,A Ỹkh2,A

Wi,A =N−1/2
i

Ni∑
h=1

Ỹ⊤
ih,A D−1

∗,A qi,A

and δik,A = qi,A − qi,A . Noting the fact that q∗j > C∗ε and the conditions
that ξp,N (log T )−1 → ∞ and nξp,N (log T )−2 → ∞, the conclusion follows.

Additional simulation results. Following Section 4.2 in the manuscrip-
t, we present additional numerical comparisons of the empirical test sizes

between our Qp,Â test, and W
(SW)
p̃ proposed by ? and W

(HS)
p̃ by ?. Tables

S1–S6 correspond to the significance levels of 1%, 5%, and 10% with T = 100
and 10. Similar conclusions can be drawn as follows. The empirical sizes of

our test are reasonably close to the nominal levels, while those of W
(HS)
p̃ ex-

perience the most serious distortion, and W
(SW)
p̃ performs poorly for small

n.
For power comparison, we examine more alternatives which allow signals

to occur on both A and B. Recall that q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤.
We consider two alternatives:

(S–i) q1 = {ω̃/d1⊤d, (1− ω̃)/(p− d)1⊤p−d}⊤,
(S–ii) q1 = {ω/d̃1⊤

d̃
, (1− ω)/(p− d̃)1⊤

p−d̃
}⊤.

Figure S1 depicts the power curves of the above three tests against ω̃ and
d̃, respectively. In most cases, Qp,Â performs better than the other two
competitors in terms of attaining high power while maintaining the test
size. Also, Figure S2 presents the size-corrected power comparison regarding
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the performance of Qp,Â , Mp, H
(sum)
p and H

(max)
p . Overall, our procedure

performs more satisfactorily under both alternatives.
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Table S1

Comparison of empirical sizes (%) at a 1% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 100.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 1 1.44 0.00 0.00 1.68 0.14 0.00 1.46 0.78 0.02

10 1.34 0.34 0.00 1.34 1.18 0.00 1.54 2.42 0.00

20 1.14 0.50 0.20 1.32 0.98 0.06 1.42 2.76 0.00

50 1.38 0.58 1.76 1.16 0.66 0.96 1.12 1.32 0.42

1000 1 1.56 0.00 0.00 2.10 0.08 0.00 1.36 0.82 0.00

10 1.32 0.24 0.00 1.30 0.98 0.00 1.60 2.62 0.00

20 0.94 0.48 0.00 1.26 1.32 0.00 1.38 2.92 0.00

50 1.42 0.58 0.60 1.30 1.20 0.10 1.04 2.32 0.00

Table S2

Comparison of empirical sizes (%) at a 5% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 100.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 1 5.16 0.00 0.00 6.00 0.84 0.06 4.14 2.76 0.52

10 5.44 1.84 0.66 5.50 3.24 0.22 5.88 5.82 0.04

20 5.54 2.14 3.48 5.38 3.50 1.74 6.06 6.14 0.40

50 6.20 2.60 9.14 5.12 3.04 6.56 5.36 4.56 3.58

1000 1 5.58 0.00 0.00 4.72 0.66 0.10 2.54 3.10 0.50

10 5.64 1.26 0.04 5.56 3.26 0.00 5.54 5.94 0.00

20 5.18 1.82 0.38 5.24 4.06 0.18 5.90 6.30 0.00

50 5.98 2.22 4.46 5.72 3.32 2.60 5.54 6.44 0.46
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Table S3

Comparison of empirical sizes (%) at a 10% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 100.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 1 8.68 0.00 0.04 9.68 1.88 0.60 6.62 5.40 2.20

10 11.02 2.86 3.56 11.28 5.84 1.42 11.16 9.32 0.38

20 10.68 3.98 9.76 11.18 5.90 6.12 10.92 9.24 2.22

50 10.48 4.86 17.14 10.94 5.82 15.86 10.70 7.62 10.56

1000 1 8.36 0.02 0.00 7.54 1.86 0.56 3.94 5.48 1.76

10 10.70 2.08 0.20 11.28 5.24 0.08 10.60 9.02 0.00

20 10.80 3.18 2.44 9.98 5.36 1.02 11.10 10.44 0.20

50 10.54 4.08 11.20 12.14 6.56 7.24 11.32 8.72 3.16

Table S4

Comparison of empirical sizes (%) at a 1% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 10.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 10 1.46 0.00 0.00 1.98 0.62 0.00 1.40 1.68 0.00

20 1.60 0.26 0.00 1.82 0.90 0.00 1.80 3.34 0.00

50 1.20 0.52 0.00 1.56 1.78 0.00 1.72 4.12 0.00

100 1.30 0.94 0.00 1.26 2.02 0.00 1.64 4.06 0.00

1000 10 2.22 0.00 0.00 1.76 0.46 0.00 0.90 1.76 0.00

20 1.64 0.06 0.00 1.74 1.26 0.00 1.90 2.66 0.00

50 1.32 0.40 0.00 1.72 1.90 0.00 1.46 3.96 0.00

100 1.44 0.66 0.00 1.46 2.36 0.00 1.68 4.12 0.00
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Table S5

Comparison of empirical sizes (%) at a 5% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 10.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 10 4.70 0.14 0.00 6.00 2.74 0.04 4.42 6.32 0.10

20 4.76 0.98 0.00 5.98 4.42 0.00 7.14 8.20 0.04

50 5.44 2.36 0.02 5.70 6.34 0.00 5.70 9.90 0.00

100 5.68 3.92 0.24 5.80 6.26 0.00 6.12 9.92 0.00

1000 10 4.88 0.10 0.00 4.40 2.74 0.00 2.92 6.26 0.18

20 5.24 0.70 0.00 5.66 4.26 0.00 5.32 7.72 0.02

50 5.66 1.72 0.00 6.34 5.30 0.00 5.74 9.12 0.00

100 6.06 2.70 0.06 5.10 5.88 0.00 5.68 9.72 0.00

Table S6

Comparison of empirical sizes (%) at a 10% significance level for the change-point
test under H0 : q0 = {ω/d1⊤d, (1− ω)/(p− d)1⊤p−d}⊤ and different (p,N)-settings

when T = 10.

ω = 0.3 ω = 0.5 ω = 0.7

p n Qp,Â W
(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃ Qp,Â W

(SW)
p̃ W

(HS)
p̃

500 10 8.12 0.78 0.06 8.82 5.82 0.26 5.74 10.50 0.68

20 10.12 2.60 0.02 11.26 7.02 0.06 9.86 12.40 0.30

50 9.88 4.34 0.14 9.58 9.38 0.06 10.80 14.28 0.02

100 10.16 7.00 1.24 10.62 9.72 0.44 11.00 15.00 0.16

1000 10 7.18 0.70 0.00 7.08 5.62 0.10 4.28 10.50 0.70

20 9.94 1.84 0.04 10.36 7.02 0.06 8.10 12.58 0.38

50 11.58 3.86 0.02 10.68 9.02 0.00 10.62 14.00 0.00

100 10.26 5.24 0.24 10.60 9.70 0.02 10.84 14.20 0.02
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Fig S1. Comparison of empirical power for the proposed Qp,Â test, W
(SW)
p̃ by ?

and W
(HS)
p̃ by ? under the alternative hypotheses (S–i) and (S–ii) with ω = 0.5 and

d = 6.
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Fig S2. Comparison of size-corrected empirical power under the alternative hypothe-
ses (S–i) and (S–ii).
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