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APPENDIX A: PROOF OF THEOREM 1
We first give a sketch of the proof of Theorem 1. Vn(A;B) is a V -statistic. Denote the corresponding

U -type statistic of Vn(A;B) as Un(A;B). We derive the asymptotic distribution of Un(A;B) in Lemma 15

2. The proof of Lemma 2 requires Lemma 1 which establishes the joint distribution of the components
in Un(A;B). Lemma 3 quantifies the asymptotic bias of Vn(A;B) with respect to Un(A;B) from which
we can prove Theorem 1.

Denote Un(A;B) = S̃n,1(A;B) + S̃n,2(A;B)− 2S̃n,3(A;B), where

S̃n,1(A;B) =
1

P 2
n f̂2

0 (B)

∑

k 6=l

Kh(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖|Yk − Yl|, 20

S̃n,2(A;B) =
1

P 2
n f̂2

0 (B)

∑

k 6=l

Kh(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖

× 1

P 2
n f̂2

0 (B)

∑

k 6=l

Kh(ATXk −B)Kh(ATXl −B)|Yk − Yl| ≡ S̃n,2x(A;B)S̃n,2y(A;B),

S̃n,3(A;B) =
1

P 3
n f̂3

0 (B)

∑

k 6=l 6=m

1
6

∑

(i1,i2,i3)∈(k,l,m)

Kh(ATXi1 −B)Kh(ATXi2 −B)Kh(ATXi3 −B)

‖Xi1 −Xi2‖|Yi1 − Yi3 |,

where P d
n = n!/(n− d)!. 25
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Furthermore, let Ŝn,i(A;B) be the same form of S̃n,i(A,B), replacing f̂0(B) with f0(B) and accord-
ingly

Un(A;B) =
1

η2
n(B)

{
Ŝn,1(A;B) +

Ŝn,2x(A;B)Ŝn,2y(A;B)
η2

n(B)
− 2

Ŝn,3(A;B)
ηn(B)

}
,

where we denote ηn(B) = f̂0(B)/f0(B). It is well known that ηn(B) → 1 in probability under the
conditions.

The following lemma establishes the joint distribution of Ŝn,i(A;B) and ηn(B), which allows us to30

further derive the distribution of Un(B).

LEMMA 1. Under Conditions 1–5,

{
nhdf0(B)

D

}1/2 [{
Ŝn,1(A;B), Ŝn,2x(A;B), Ŝn,2y(A;B), Ŝn,3(A;B), ηn(B)

}
− µ

]
→ N5(0,Σ) in distribution,

where µ = {E(‖P1 − P2‖|Q1 −Q2|), µx, µy, E(‖P1 − P2‖|Q1 −Q3|), 1}T, Σ = (vij)5×5 with

v11 =4E
{
E2(‖X − P‖|Y −Q| | Z)

}
, v21 = 4E {E(‖X − P‖|Y −Q| | Z)E(‖X − P‖ | Z)} ,35

v31 =4E {E(‖X − P‖|Y −Q| | Z)E(‖Y −Q‖ | Z)} ,

v41 =2E {E(‖X − P‖|Y −Q| | Z)E(‖X − P1‖|Y −Q2| | Z)}
+ 2E {E(‖X − P‖|Y −Q| | Z)E(‖X − P1‖|Q1 −Q2| | Z)}
+ 2E {E(‖X − P‖|Y −Q| | Z)E(‖P1 − P2‖|Y −Q1| | Z)} ,

v51 =2E(‖P1 − P2‖|Q1 −Q2|),40

v22 =4E
{
E2(‖X − P‖ | Z)

}
, v32 = 4E {E(‖X − P‖ | Z)E(|Y −Q‖ | Z)} ,

v42 =2E {E(‖X − P1‖|Y −Q2| | Z)E(‖X − P‖ | Z)}
+ 2E {E(‖X − P‖ | Z)E(‖X − P1‖|Q1 −Q2| | Z)}
+ 2E {E(‖X − P‖ | Z)E(‖P1 − P2‖|Y −Q1| | Z)} ,

v52 =2E(‖P1 − P2‖), v33 = 4E
{
E2(|Y −Q| | Z)

}
,45

v43 =2E {E(‖X − P1‖|Y −Q2| | Z)E(|Y −Q‖ | Z)}
+ 2E {E(|Y −Q‖ | Z)E(‖X − P1‖|Q1 −Q2| | Z)}
+ 2E {E(|Y −Q| | Z)E(‖P1 − P2‖|Y −Q1| | Z)} ,

v53 =2E(|Q1 −Q2|),
v44 =E

{
E2(‖X − P1‖|Y −Q2| | Z)

}
+ E

{
E2(‖X − P1‖|Q1 −Q2| | Z)

}
50

+ E
{
E2(‖P1 − P2‖|Y −Q1| | Z)

}

+ 2E {E(‖X − P1‖|Y −Q2| | Z)E(‖X − P1‖|Q1 −Q2| | Z)}
+ 2E {E(‖X − P1‖|Y −Q2| | Z)E(‖P1 − P2‖|Y −Q1| | Z)}
+ 2E {E(‖X − P1‖|Q1 −Q2| | Z)E(‖P1 − P2‖|Y −Q1| | Z)} ,

v45 =E {E(‖X − P1‖|Y −Q2| | Z)}+ E {E(‖X − P1‖|Q1 −Q2| | Z)}55

+ E {E(‖P1 − P2‖|Y −Q1| | Z)} , v55 = 1.

Proof. Firstly, {Ŝn,1(A;B), Ŝn,2x(A;B), Ŝn,2y(A;B), Ŝn,3(A;B), ηn(B)}T can be viewed as a five-
dimensional U -statistic of order three. Thus, by the standard central limit theory of multivariate U -
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statistic, it remains to evaluate its asymptotic expectation and covariance. Denote Zk = (Xk, Yk). Note

E{Ŝn,1(A;B)} =f−2
0 (B)E{Kh(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖|Yk − Yl|} 60

=f−2
0 (B)E[E{Kh(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖|Yk − Yl| | Zk, A

TXl = t}]
=f−2

0 (B)E{Kh(ATXk −B)}
∫

Kh(t−B)‖Xk − u‖|Yk − v|f (X,Y )

ATX
(u, v | t)f0(t)dtdudv

≡f−2
0 (B)E{Kh(ATXk −B)}∆1.

By Condition 5 and Taylor expansion,

∆1 =
1
hd

∫

u,v
‖Xk − u‖|Yk − v|

∫

w
K(w)f1(u, v, B + hw)d(hw)dudv 65

≤
∫

u,v
‖Xk − u‖|Yk − v| {f1(u, v, B) + C0h

q} dudv

≤f0(B)E(‖Xk − P‖|Yk −Q| | Zk) + C0h
q

∫

u,v
‖Xk − u‖|Yk − v|dudv,

where (P, Q) ∼ f
(X,Y )

ATX
(·, · | B). Thus,

E{Ŝn,1(A;B)} − E(‖P1 − P2‖|Q1 −Q2|)
≤f−1

0 (B)E{Kh(ATXk −B)}E(‖Xk − P‖|Yk −Q| | Zk)− E(‖P1 − P2‖|Q1 −Q2|) 70

+ C2
0f−1

0 (B)hq

∫
E{‖u− P‖|v −Q| | (u, v)}dudv

=O(hq),

where we use similar techniques to those in calculating ∆1. Similarly, we can obtain

E{Ŝn,2x(A;B)} =µx + O(hq),

E{Ŝn,2y(A;B)} =µy + O(hq), 75

E{Ŝn,3(A;B)} =E(‖P1 − P2‖|Q1 −Q3|) + O(hq),

from which we finish the calculation of the asymptotic expectations.
Next, we handle the asymptotic variances. Take Ŝn,1(A;B) for example and the calculation for the

other terms is similar. By using the standard result of U -statistics, we know

var{Ŝn,1(A,B)} =
4
n

var[E{Hn(A;B) | Zk}] + O{(nhd)−2},

where Hn(A;B) denotes the kernel function of U -statistic Ŝn,1(A;B). It can be verified that 80

E{Hn(A;B) | Zk} = Kh(ATXk −B)
{
f−1
0 (B)E(‖Xk − P‖|Yk −Q| | Zk) + O(hq)

}
.

Consequently,

var{Ŝn,1(A;B)} =
4

nf2
0 (B)

E
{

K2
h(ATXk −B)E2(‖Xk − P‖|Yk −Q| | Zk)

}
{1 + o(1)}

=
4D

nhdf0(B)
E

{
E2(‖X − P‖|Y −Q| | Z)

} {1 + o(1)}. (A.1)
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Similarly, we can compute the asymptotic covariance terms in the following way85

cov{Ŝn,1(A;B), Ŝn,2x(A;B)}
=

4
n

cov[E{Hn,1(A,B) | Zk}, E{Hn,2x(A,B) | Zk}] + O{(nhd)−2}

=
4
n

E[E{Hn,1(A,B) | Zk}E{Hn,2x(A,B) | Zk}] + o{(nhd)−1}

=
4

nf2
0 (B)

E
{

K2
h(ATXk −B)E(‖Xk − P‖|Yk −Q| | Zk)E(‖Xk − P‖ | Zk)

}
+ o{(nhd)−1}

=
4

nhdf0(B)
E

{
K2

h(ATXk −B)E(‖Xk − P‖|Yk −Q| | Zk)E(‖Xk − P‖ | Zk)
}

+ o{(nhd)−1}90

=
4D

nhdf0(B)
E {E(‖X − P‖|Y −Q| | Z)E(‖X − P‖ | Z)}+ o{(nhd)−1},

from which we can complete the proof of this lemma. ¥

LEMMA 2. Under H0 and Conditions 1–4,

nhdf0(B)
D

Un(A;B) → µxµyN 2
4 + 2N4(N3 − µxN2 − µyN1) +N1N2 in distribution,

where (N1,N2,N3,N4) are normally distributed with mean zero and covariance matrix V given by95

V =




4νx 4µxµy 4νxµy + 2µ2
xµy 2µx

4µxµy 4νy 4νyµx + 2µ2
yµx 2µy

4νxµy + 2µ2
xµy 4νyµx + 2µ2

yµx λ 3µxµy

2µx 2µy 3µxµy 1


 .

Proof. Under the null hypothesis,

µ = (µxµy, µx, µy, µxµy, 1)T{1 + O(hq)},

and Σ becomes



4νxνy 4νxµy 4νyµx 2νxνy + 2νxµ2
y + 2νyµ

2
x 2µxµy

4νxµy 4νx 4µxµy 4νxµy + 2µ2
xµy 2µx

4νyµx 4µxµy 4νy 4νyµx + 2µ2
yµx 2µy

2νxνy + 2νxµ2
y + 2νyµ

2
x 4νxµy + 2µ2

xµy 4νyµx + 2µ2
yµx v44 3µxµy

2µxµy 2µx 2µy 3µxµy 1




where v44 reduces to νxνy + νxµ2
y + νyµ

2
x + 2νxµ2

y + 2νyµ
2
x + 2µ2

xµ2
y. It can be easily seen that100

(1, µy, µx,−2, 0)TΣ(1, µy, µx,−2, 0) = 0,

where (1, µy, µx,−2, 0) is the gradient of the function g(u1, u2, u3, u4, u5) = (u1 + u2u3/u2
5 −

2u4/u5) evaluated at (µxµy, µx, µy, µxµy, 1). Thus, the first-order multivariate Delta-theorem is not
valid. We consider to apply a second-order multivariate Delta-theorem.
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Let γn ≡ {Ŝn,1(A;B), Ŝn,2x(A;B), Ŝn,2y(A;B), Ŝn,3(A;B), ηn(B)}T. First, obtain the Hessian ma- 105

trix of g(u1, u2, u3, u4, u5) evaluated at (µxµy, µx, µy, µxµy, 1)

H =




0 0 0 0 0
0 0 1 0 −2µy

0 1 0 0 −2µx

0 0 0 0 2
0 −2µy −2µx 2 2µxµy




.

As a consequence,

nhdUn(A;B) =
nhd

2
(γn − µ)TH(γn − µ) + op(1),

where we use the fact that ηn(B) → 1 in probability, the condition nhd/2+2q → 0 and the Slutsky theo- 110

rem. By Lemma 1, we can obtain the assertion by some calculation immediately. ¥
The following lemma characterizes the difference between Un(A;B) and Vn(A;B).

LEMMA 3. Under Conditions 1–4,

nhd{Vn(A;B)− Un(A;B)} → − 2D

f0(B)
E(‖P1 − P2‖|Q1 −Q2|), in probability.

Proof. Simple algebra leads to

Sn,1 = (1− n−1)S̃n,1(A;B), 115

Sn,2 = (1− n−1)2S̃n,2x(A;B)S̃n,2y(A;B),

Sn,3 = {1− 3n−1 + O(n−2)}S̃n,3(A;B) +
1

nhdf̂0(B)
Śn,1(A;B),

where Śn,1(A;B) = hd{nf̂0(B)}−2
∑

k 6=l K
2
h(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖|Yk − Yl|. Sim-

ilar to the proof of Lemma 1, it can be verified that Śn,1(A;B) → DE(‖P1 − P2‖|Q1 −Q2|) in proba-
bility. By using the fact that S̃n,i(A;B) → Si(A;B) (i = 1, 2, 3) in probability, which can be seen from 120

Lemma 5, we can obtain the assertion immediately. ¥

Proof of Theorem 1 Combining Lemmas 2–3, the assertion follows immediately. ¥

APPENDIX B: PROOF OF THEOREMS 2–3
To prove Theorems 2–3, we need the following lemma from Hall (1984). Define Gn(x, y) =

E{Hn(X1, x)Hn(X1, y)}. 125

LEMMA 4. Assume Hn is symmetric, E{Hn(X1, X2 | X1)} = 0 almost surely and
E{H2

n(X1, X2)} < ∞ for each n. If

[E{G2
n(X1, X2)}+ n−1E{H4

n(X1, X2)}]/[E{H2
n(X1, X2)}]2 → 0, (A.2)

as n →∞, then Un ≡
∑

1<i<j<n Hn(Xi, Xj) is asymptotically normal with zero mean and variance
given by C2

nE{H2
n(X1, X2)}. 130

The following lemma establishes the uniform convergence of Ŝn,i(A;B) (i = 1, 2, 3) which also plays
important role in the proof of Theorems 2–3.
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LEMMA 5. Suppose Conditions 1–4 hold. Then,

sup
B∈Rd

|f̂0(B)− f0(B)| = O{hq + (nhd)−1/2 log n}, almost surely,

sup
B∈Rd

|Ŝn,i(A;B)− Si(A;B)| = O{hq + (nhd)−1/2 log n} (i = 1, 2, 3), almost surely.135

Proof. The first part is a well-known result concerning the uniform convergence rate of kernel density
estimators; see Silverman (1978) or Gine and Guillou (2002). We present the proof only for the case of
Ŝn,1(A,B) since the proofs for the other two cases are very similar.

By similar arguments used in (A.1) and Condition 5, we can verify that

1
hd

sup
B∈Rd

[
E

{
Kh(ATXk −B)Kh(ATXl −B)‖Xk −Xl‖|Yk − Yl|

}2
]

140

=D sup
B∈Rd

[
f0(B)E

{
E2(‖X − P‖|Y −Q| | Z)

}] {1 + O(hq)}.

Therefore, by invoking similar arguments to those of theorem 37 in Pollard (1984), page 34,

sup
B∈Rd

|Ŝn,1(A;B)− E{Ŝn,1(A;B)}| = O{(nhd)−1/2 log n}.

On the other hand, expanding E{Ŝn,1(A,B)} in a Taylor series with Lagrange form of the remainder
term and using conditions, we have that145

sup
B∈Rd

|E{Ŝn,1(A;B)} − S1(A;B)| = O(hq),

which completes the proof. ¥
By this lemma, Proposition 2 holds immediately.

Proof of Theorem 2 Un(A;B) can be rewritten as

Un(A;B) =
1

η4
n(B)

{
η2

n(B)Ŝn,1(A;B) + Ŝn,2x(A;B)Ŝn,2y(A;B)− 2ηn(B)Ŝn,3(A;B)
}

≡ 1
η4

n(B)
Ũn(A;B).150
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First of all, we observe that

η2
n(B)Ŝn,1(A;B) =

1
p4

n

∑

j 6=k 6=l 6=m

L1

∏

r=j,k,l,m

Kh(ATXr −B)

+
1

nhdf0(B)

{
hd

nf0(B)

∑

i

K2
h(ATXi −B)Ŝn,1 + 4Śn,31(A,B)

}

+ Op{n−1 + (nhd)−2},

Ŝn,2x(A;B)Ŝn,2y(A;B) =
1
p4

n

∑

j 6=k 6=l 6=m

L2

∏

r=j,k,l,m

Kh(ATXr −B) +
4Śn,32(A,B)
nhdf0(B)

155

+ Op{n−1 + (nhd)−2},
ηn(B)Ŝn,3(A;B) =

1
p4

n

∑

j 6=k 6=l 6=m

L3

∏

r=j,k,l,m

Kh(ATXr −B)

+
1

n4f4
0 (B)

∑

k 6=l 6=m

∑

r∈(k,l,m)

Kh(ATXr −B)‖Xk −Xl‖|Yk − Ym|+ Op(n−1)

uniformly in B, where

Śn,31(A;B) =
hd

n3f3
0 (B)

∑

k 6=l 6=m

K2
h(ATXk −B)Kh(ATXl −B)Kh(ATXm −B)‖Xk −Xl‖|Yk − Yl|, 160

Śn,32(A;B) =
hd

n3f3
0 (B)

∑

k 6=l 6=m

K2
h(ATXk −B)Kh(ATXl −B)Kh(ATXm −B)‖Xk −Xl‖|Yk − Ym|,

and

L1(Zj , Zk, Zl, Zm) =
1
6

∑

(i1,i2)∈(j,k,l,m)

‖Xi1 −Xi2‖|Yi1 − Yi2 |,

L2(Zj , Zk, Zl, Zm) =
1
6

∑

(i1,i2,i3,i4)∈(j,k,l,m)

‖Xi1 −Xi2‖|Yi3 − Yi4 |,

L3(Zj , Zk, Zl, Zm) =
1
24

∑

(i1,i2,i3)∈(j,k,l,m)

‖Xi1 −Xi2‖|Yi1 − Yi3 |. 165

By similar arguments in the proof of Lemma 1, it can be verified that under H0, all the
hd{nf0(B)}−1

∑
i K

2
h(ATXi −B)Ŝn,1, Śn,31(A,B) and Śn,32(A,B) uniformly converge to Dµxµy.

Additionally, we can have

hd

n3f3
0 (B)

∑

k 6=l 6=m

∑

r∈(k,l,m)

Kh(ATXr −B)‖Xk −Xl‖|Yk − Ym| → 3Dµxµy.

uniformly in B.
As a consequence, Ũn(A;B) can be further decomposed as 170

Ũn(A;B) = T̃n(A;B) +
3

nhdf0(B)
Dµxµy + Op{hq + (nhd)−1/2 log n},
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and furthermore by Lemma 3

Vn(A;B) = T̃n(A;B) +
1

nhdf0(B)
Dµxµy + Op{hq + (nhd)−1/2 log n},

uniformly in B. Let ζ0(B) = f0(B)/S2(A;B). It remains mainly to derive the asymptotic distribution
of T̃n(A) =

∫
T̃n(A;B)ζ0(B)dB which can be re-written as a U -statistic of order four with the kernel175

function γh(Z1, . . . , Z4)

T̃n(A) =
1
p4

n

∑

j 6=k 6=l 6=m

(L1 + L2 − 2L3)
∫ ∏

r=j,k,l,m

Kh(ATXr −B)ζ0(B)dB

≡ 1
p4

n

∑

j 6=k 6=l 6=m

γh(Zj , Zk, Zl, Zm).

Next, we will show that T̃n(A) is asymptotically normal by using Lemma 4. First of all,
γh(Z1, . . . , Z4) is symmetric, θn ≡ E{γh(Z1, . . . , Zr)} = O{(nhd)−1} (by Lemma 2 and Delta theo-180

rem) and E{νn(Z1, . . . , Zr | Z1)} = Op(hq). Say, T̃n(A) is a degenerate U -statistic. The limit distribu-
tion of a degenerate U -statistics when its kernel function is fixed is a linear combination of independent,
centered χ2

1 distributions, and cannot be derived using classical martingale methods. However, in certain
cases in which the kernel function of the U -statistic depends on n, a normal distribution can result (c.f.,
Hall 1984).185

Let us define the projection of T̃n(A) to be Wn(A) given by

Wn(A) =
6(
n
2

)
∑

1≤j<k≤n

{γh2(Zj , Zk)− θn} ,

where γh2(Zj , Zk) = E{γh(Zj , Zk, Zl, Zm) | Zj , Zk}. The remaining proof consists of two parts: (i)
show that Wn(A) is asymptotically normal by Lemma 4; (ii) verify that

E
{

Wn(A) + θn − T̃n(A)
}2

var{Wn(A)} → 0. (A.3)

Define190

W̃n(A) =
1(
n
2

)
∑

1≤j<k≤n

γh2(Zj , Zk)− 2
n

n∑

j=1

γh1(Zj) + θn,

where γh1(Zj) = E{γh(Zj , Zk, Zl, Zm) | Zj}. W̃n(A) is a U -statistic, based on the kernel

H̃(Zj , Zk) = γh2(Zj , Zk)− {γh1(Zj) + γh1(Zk)}+ θn.

Obviously, E{H̃(Zj , Zk)} = 0 and E{H̃(Zj , Zk) | Zj} = 0. To show the asymptotic normality of
W̃n(A), it suffices to check the other conditions in Lemma 4.
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Next, we will verify that E{H̃2
n(Z1, Z2)} ∼ h−d. Note that

γh2(Zj , Zk) (A.4) 195

=
1
6

∫ {
E(‖P1 − P2‖|Q1 −Q2|) + ‖Xj −Xk‖|Yj − Yk|+ E(‖Xj − P1‖|Yj −Q1|)

+ E(‖Xk − P1‖|Yk −Q1|) + ‖Xj −Xk‖E(|Q1 −Q2|) + E(‖P1 − P2‖)|Yj − Yk|
+ E(‖Xj − P1‖)E(|Yk −Q2|) + E(‖Xk − P1)‖E(|Yj −Q2|)− ‖Xj −Xk‖E(|Yj −Q1|)
− E(‖Xj − P1‖)|Yj − Yk| − ‖Xj −Xk‖E(|Yk −Q1|)− E(‖Xk − P1‖)|Yj − Yk|
− E(‖P1 −Xj‖)E(|Q1 −Q2|)− E(‖P1 −Xk‖)E(|Q1 −Q2|)− E(‖P1 − P2‖E|Q1 − Yj |) 200

− E(‖P1 − P2‖)E(|Q1 − Yk|)
}

.

E{γ2
h2(Z1, Z2)} may be expanded into several terms, each of which is of O(h−d). We treat only the

first such term. Observe that

{E(‖P1 − P2‖|Q1 −Q2|)}2

∫
· · ·

∫ {∫
Kh(ATx(1) −B)Kh(ATx(2) −B)ζ0(B)dB

}2

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)
205

=h−2d

∫ ∫ [ ∫
K(v)K{v + AT(x(2) − x(1))/h}ζ0(ATx(1) − vh)dv

]2

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)dw(2)

∼h−2d

∫ ∫

AT(x(2)−x(1))=w(2)h

{
K(v)K(v + w(2))ζ0(ATx(1))dv

}2

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)dw(2) = O(h−d).

Now, we deal with E{γ4
h2(X1, X2)}. Similar to the arguments above, the integrand can be expanded 210

into several terms, and each of these shown to be of order h−3d. We shall illustrate the purpose in the
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cause of the first of these terms.

{E(‖P1 − P2‖|Q1 −Q2|)}4

∫
· · ·

∫ {∫
Kh(ATx(1) −B)Kh(ATx(2) −B)ζ0(B)dB

}4

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)

=h−4d

∫ ∫ [ ∫
K(v)K{v + AT(x(2) − x(1))/h}ζ0(ATx(1) − vh)dv

]4
215

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)dw(2)

∼h−4dhd

∫ ∫

AT(x(2)−x(1))=w(2)

{
K(v)K(v + w(2))ζ0(ATx(1))dv

}2

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)dw(2) = O(h−3d).

Similarly, we can show that E{γ2
h1(Zj)} = O(h2q) and E{γ4

h1(Zj)} = O(h4q). This implies that

{γ4
h2(Z1, Z2)}/[E{γ2

h2(Z1, Z2)}]2 → 0

by the condition nh2d →∞. Finally, let us handle the E{G̃2
n(Z1, Z2)}, where220

G̃n(x, y) = E{H̃n(Z1, x)H̃n(Z1, y)}.

Again, we focus on E{γh2(Z1, x)γh2(Z1, y)} because the other terms involved in E{G̃2
n(Z1, Z2)} are

of smaller order.
Note that

EZ1,Z2 [EZ
(1)
1

{γh2(Z
(1)
1 , Z1)γh2(Z

(1)
1 , Z2)}]2

=
∫ ∫ {∫

fX,Y (x(1)
1 , y

(1)
1 )γh2(Z

(1)
1 , Z1)γh2(Z

(1)
1 , Z2)dx

(1)
1 dy

(1)
1

}2
225

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2).
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This integral may be expanded into several terms, each of which is of order h−d. We treat only the first
such term

{E(‖P1 − P2‖|Q1 −Q2|)}4

∫
· · ·

∫ {∫

x
(1)
1 ,y

(1)
1

∫

B
Kh(ATx

(1)
1 −B)Kh(ATx(1) −B)ζ0(B)dB

×
∫

B
Kh(ATx

(1)
1 −B)Kh(ATx(2) −B)ζ0(B)dBfX,Y (x(r)

1 , y
(r)
1 )dx

(1)
1 dy

(1)
1

}2
230

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)

=h−8d

∫
· · ·

∫ [ ∫

x
(1)
1 ,y

(1)
1

∫

v
K(v)K{v + AT(x(1)

1 − x(1))/h}ζ0(ATx(1) − vh)dv

∫

v
K{v + AT(x(1)

1 − x(1))/h}K{v + AT(x(2) − x(1))/h}ζ0(ATx(1) − vh)dv

× fX,Y (x(r)
1 , y

(r)
1 )dx

(1)
1 dy

(1)
1

]2
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)

∼h−4dh2dhd

∫ ∫

AT(x(2)−x(1))=w(2)

{ ∫

AT(x
(1)
1 −x(1))=w

(1)
1

∫

v
K(v)K(v + w

(1)
1 )ζ0(ATx(1))dv 235

∫

v
K(v + w

(1)
1 )K(v + w(2))ζ0(ATx(1))dvfX,Y (x(r)

1 , y
(r)
1 )dx

(1)
1 dy

(1)
1 w

(1)
1

}2

×
2∏

r=1

fX,Y (x(r), y(r))dx(1)dx(2)dy(1)dy(2)dw(2) = O(h−d).

Thus, the condition (A.2) holds for H̃n(Z1, Z2). By Lemma 4, nhd/2W̃n(A) is asymptotically normal
with zero mean and variance

V ′
T0 = 2 lim

n→∞hdE{γ2
h2(X1, X2)}. (A.5) 240

Furthermore, by noticing that E{2n−1
∑n

j=1 γh1(Zj)}2 = O(n−1h2q) and θn = O(h2q), 6W̃n(A) and
Wn(A) are asymptotically equivalent from which we finish the first part of the proof.

Now, it remains to check (A.3). Wn(A) + θn − T̃n(A) is itself a U -statistic based on the kernel

H̆(Z1, Z2, Z3, Z4) = γh(Z1, Z1, Z3, Z4)−
∑

1≤i1<i2≤4

γh2(Zi1 , Zi2) + 5θn.

By using similar arguments above, it can be checked that

var{H̆1(Z1)} = O(h2q), 245

var{H̆2(Z1, Z2)} = O(h2q),

var{H̆3(Z1, Z2, Z3)} = O(h−2d),

where H̆r(z1, . . . , zr) denotes the conditional expectation of H̆ given X1, . . . , Xr. By using the standard
result on the variance of U -statistic (Serfling 1980), we have

var{Wn(A) + θn − T̃n(A)} = n−4O(n3h2q + n2h2q + nh−2d). 250
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Recall that var{Wn(A)} = O(n−2h−d), (A.3) follows immediately by using the condition nh2d →∞
and nh2q+d/2 → 0.

Finally, by uniformly convergence of Sn,2(A;B) and f̂(B)

nhd/2Tn(A)− h−d/2D = nhd/2

{∫

B
Vn(A;B)ζ0(B)

f̂(B)
ζ0(B)Sn,2(A;B)

dB − (nhd)−1D

}

= nhd/2

∫
T̃n(A;B)ζ0(B)dB + h−d/2Op{hq + (nhd)−1/2 log n}255

= nhd/2T̃n(A) + op(1),

from which we completes the proof of this theorem. ¥

Proof of Theorem 3
(i) By Lemma 5, it is straightforward to see Tn(A) → ∫

V (A,B)f0(B)/S2(A;B)dB in probability.
Thus, by the conditions the assertion follows immediately.260

(ii) The proof of this part is analogous to that of Theorem 2. Here we only highlight the differences be-
tween them. Define Gu,v(t), Gu(t), Gv(t) and Gf (t) as the gradients of the functions fX,Y |PSX(u, v | t),
fX|PSX(u | t), fY |PSX(v | t) and f0(t) with respect to t, respectively. Similarly, denote the corre-
sponding Hessian matrices by Hu,v(t), Hu(t), Hv(t), and Hf (t). By Condition 5, we can expand
S1{PT

S + (nhd/2)−1/2∆; B} at PS in a Taylor series with Lagrange form of the remainder term and265

obtain

S1(A,B) =
∫ ∫

‖x1 − x2‖|y1 − y2|
{

fX,Y |PSX(x1, y1 | B) + GT
u,v(x1, y1)(A− PT

S )x1

+
1
2
xT

1 (A− PT
S )Hu,v(A− PT

S )Tx1

}{
fX,Y |PSX(x2, y2 | B) + GT

u,v(x2, y2)(A− PT
S )Tx2

+
1
2
xT

2 (A− PT
S )Hu,v(A− PT

S )Tx2

}
dx1dx2dy1dy2 + o{(nhd/2)}−1

=µxµy + Λ1 + o{(nhd/2)−1}270

+ 2
∫ ∫

‖x1 − x2‖|y1 − y2|GT
u,v(x1, y1)(A− PT

S )Tx1fX,Y |PSX(x2, y2 | B)dx1dx2dy1dy2,

where Λ1 denotes those terms associated with the order (nhd/2)−1.
Similarly,

S2(A,B) =µxµy + Λ2 + 2µy

∫ ∫
‖x1 − x2‖GT

u (x1)(A− PT
S )Tx1fX|PSX(x2 | B)dx1dx2

+ 2µx

∫ ∫
|y1 − y2|GT

u,v(x1, y1)(A− PT
S )Tx1fY |PSX(y2 | B)dx1dy1dy2 + o{(nhd/2)−1}275

S3(A,B) =µxµy + Λ3 + o{(nhd/2)−1}
+ µy

∫ ∫
‖x1 − x2‖GT

u (x1)(A− PT
S )Tx1fX|PSX(x2 | B)dx1dx2

+ µx

∫ ∫ ∫
|y1 − y2|GT

u,v(x1, y1)(A− PT
S )Tx1fY |PSX(y2 | B)dx1dy1dy2

+
∫ ∫

‖x1 − x2‖|y1 − y2|GT
u,v(x1, y1)(A− PT

S )Tx1fX,Y |PSX(x2, y2 | B)dx1dx2dy1dy2.
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Recall the definition of L1, L2 and L3 in the proof of Theorem 2. By the arguments in Lemma 2, we 280

get

E(γn) =
∫
{S1(A,B) + S2(A,B)− 2S3(A,B)}f0(B)dB + o{(nhd)−1}

=(nhd/2)−1δ + o{(nhd/2)−1},

where δ = nhd/2
∫

(Λ1 + Λ2 − 2Λ3)f0(B)dB with

Λ1 =
∫
· · ·

∫
‖x1 − x2‖|y1 − y2|

{
fX,Y |PSX(x1, y1 | B)xT

2 (A− PT
S )Hu,v(A− PT

S )Tx2 285

+ GT
u,v(x1, y1)(A− PT

S )Tx1G
T
u,v(x2, y2)(A− PT

S )Tx2

}
dx1dx2dy1dy2

Λ2 =µy

∫ ∫
‖x1 − x2‖

{
fX|PSX(x1 | B)xT

2 (A− PT
S )Hu(A− PT

S )Tx2

+ GT
u (x1)(A− PT

S )Tx1G
T
u (x2)(A− PT

S )Tx2

}
dx1dx2dB

+ µx

{∫ ∫
|y1 − y2|fy|PSX(y1 | B)xT

2 (A− PT
S )Hu,v(A− PT

S )Tx2dx2dy1dy2

+ GT
u,v(x1, y1)(A− PT

S )Tx1G
T
u,v(x2, y2)(A− PT

S )Tx2dx1dx2dy1dy2

}
290

+ 4
∫ ∫

‖x1 − x2‖GT
u (x1)(A− PT

S )Tx1fX|PSX(x2 | B)dx1dx2

×
∫ ∫ ∫

|y1 − y2|GT
u,v(x1, y1)(A− PT

S )Tx1fY |PSX(y2 | B)dx1dy1dy2

Λ3 =
1
2

∫
· · ·

∫
‖x1 − x2‖|y1 − y2|fX,Y |PSX(x1, y1 | B)xT

2 (A− PT
S )Hu,v(A− PT

S )Tx2dx1dx2dy1dy2

+
1
2
µy

∫ ∫
‖x1 − x2‖fX|PSX(x1 | B)xT

2 (A− PT
S )Hu(A− PT

S )Tx2dx1dx2 295

+
1
2
µx

∫ ∫
|y1 − y2|fy|PSX(y1 | B)xT

2 (A− PT
S )Hu,v(A− PT

S )Tx2dx2dy1dy2

+
∫
· · ·

∫
‖x1 − x2‖|y1 − y3|

{

GT
u,v(x1, y1)(A− PT

S )Tx1G
T
u (x2)(A− PT

S )Tx2fY |PSX(y3 | B)dx1dx2dy1dy3

+ GT
u,v(x1, y1)(A− PT

S )Tx1G
T
u,v(x3, y3)(A− PT

S )Tx3fX|PSX(x2 | B)dx1dx2dx3dy1dy3

+ GT
u (x2)(A− PT

S )Tx2G
T
u,v(x3, y3)(A− PT

S )Tx3fX,Y |PSX(x1, y1 | B)dx1dx2dx3dy1dy3

}
. 300

Note that Gu,v(x, y) = Gu(x)fY |PSX(y) + Gv(y)fX|PSX(x). Accordingly, tedious algebras yield

δ =
∫ {∫

GT
v (B)∆TxfX|PSX(x | B)dx

}2

dB.

The remaining proofs follow exactly same as those of Theorem 2 and thus omitted. The variance VT1 is
given by VT1 = 72 limn→∞ hdE{γ2

h2(X1, X2)}, where γ2
h2(·, ·) is given by (A.4) but the expectations

now are all taken under the alternative hypothesis. ¥ 305
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APPENDIX C: CROSS VALIDATION BOXPLOTS

Fig. 1 gives the cross validation boxplots based on the simulations leading to Fig. 1 in the paper. On
each replication the data were split randomly into two sets of n/2 observations, with one set being used
to determine Â and the other being used for the permutation test.
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Fig. 1. Cross validation boxplots of p-values from the pro-
posed test using directional regression (DR), ordinary least
squares (OLS), principal fitted components (PFC), partial
least squares (PLS) and minimum average variance esti-

mation (MAVE)
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