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Proof of Theorem 1
Similar to the argument in Agull6 et al. (2008), which is concerned with the least trimmed squares
estimator for the multivariate regression, we first prove that e, (ivpp, ) > min{n —h+ 1,h —
m())}/n. We show that there exists a value M, which only depends on ), such that for every )’ ob-
tained by replacing at most min{n — h 4+ 1,h — m(Y)} — 1 observations in ) we have ||\pp|l < M,
where i} ;p,p is the MDP estimator based on ).
Let .J be a subset of size m(Y) + 1. It follows from the definition of m()) that for any 1 < k < p,

W) = ez S g = el > 0.

jed
Denote ¢pip = min mineg(J) > 0.Let N =  max  |y;| and
1<k<p J 1<i<n,1<k<p

AN?h \? 1/2
M — 1/2 1-p N
p [{ (m(y) _"_ 1> CIIllIl —"_

If we take any dataset )’ by replacing min{n — h + 1,h — m(Y)} — 1 observations in )/, there exists a
subset H; € H containing indices only corresponding to the data points of the original dataset ). Then,

% > Ay — fn(H)}?

jeH,

det[diag{>:(H1)}] = [ [
k

=1
< [hlp SN Ay — iw(H)Y

k=1j€H;
< (4N?)P,
Suppose that ||y ppll > M and let Hy be the optimal subset corresponding to fiy;np such

that fi\;pp = i/ (H2) where i/ (Hs) = h™1 > jem, Yi- Since h — [min{n —h+1,h —m(Y)} — 1] >
m()) + 1, the set H contains a subset Jy of size m()) + 1 corresponding to the original observations
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of ). Thus we have

p

detlding(S(H)}] = [T | 5 3 fuse — ()
k=1 | jeH:

> T1 |5 3 o — a2
k=1 j€do

v
1~

U5t — i)y + O ) — )]
Jj€Jo

=
Il
—

It follows from ||fi'(Hz)|| > M that there exists ko such that |, (H2)| > M/ p'/2. Thus,

N R M
|ru‘k0(‘]0)| - ‘:U’;fo(HQN > T/Q — N > 07
p

and

» 2
det[diag{f](Hz)}] > {m(y]iH} H m())1)+1 Z{y]k — fu(Jo)} (pjy/g - N)

1};;5017 Jj€Jo
P 2
> m(y) +1 cp_.l M _N
h min p1/2
= (4N?)P

by the definition of M. This implies det[diag{>(H>)}] > det[diag{>.(H})}], which contradicts the def-
inition of /i};,p, so we conclude that ||y ppll < M.

On the other hand, to show &, (fi\pp), V) < min{n —h +1,h —m(Y)}/n, we first prove that
en(fmpp,Y) < (n — h + 1)/n. If we replace n — h + 1 data points of ), then the optimal subset Ho
of ) would contain at least one outlier, but the least squares method breaks down even with one single
outlier. It then follows that ||’ (Hz)|| is not bounded.

To show that &, (finipp, V) < (h —m(Y))/n,let J C {1,2,...,n} be the set of indices correspond-
ing to the largest subset of ) satisfying that all the elements are the same with respect to at least one
component. Thus, we have |J| = m()). Without loss of generality, suppose the first component Uil

s j € J,equals to a constant B, and we replace h — m())) other observations of ) by those with the first

component B. Denote H; as the set of indices corresponding to the observations of YV’ of which the
first component is B. Then, we have det[diag{>'(H2)}] = 0 but ||i'(Hz2)|| is not bounded, because the
h —m()’) contaminated data points in Hy may have arbitrarily large norms.
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Proof of Theorem 2

If det(Dy) = 0, Theorem 2 clearly holds. We consider det(D2) > 0, and compute the distance based
on Ty and D, d;(T3, Dg), fori = 1,...,n. Then we have

hi > ATy, Do) = (hp)Mtr ¢ Y (Vi = To) Dy (Vi = T)

1€Ho 1€Ho
1 -1/2 —1/2
=5, 2 D= )i - 1) Dy
i€EHo
1 _ _
— Ttr <D2 V25,07V 2)
= *tI‘(Rg)
=L (S.1)
Moreover, we have
1 1< 1
- d3(Ty,D1) = — d%,(Ty,D;) < — d*(Ty,Dy) = 1. S.2
hp,;{: i (T, D) hpz; (Z)( 1 1)_h ;{: i (T, D) (8.2)
1 2 1= 7 1

If we take A = (hp)~t Yy, d2(T1, D), then A > 0 because det(Dy) > 0. Considering the distance

1

based on 7} and AD, d;(T1, \D1), it follows from (S.1) and (S.2) that

1 1 1
- d?(Ty, \D1) = —t Y, =T =D7NY; — T
hpé +(T1,\D1) it E ( 1) D1 ( 1)
i€Ho i€Ho

Similar to Griibel (1988), we can show that (75, D) is the unique minimizer of det(D) among all
(T, D) for which (hp)~' 3.y, di(T, D) = 1. Therefore, we have

det(Dz) < det()\Dl).
On the other hand, from the inequality (S.2), we have
det(Dg) < det()\Dl) < det(Dl).

If det(Dy) = det(D1), then det(Ds) = det(\D1), and it implies that (T, Do) = (11, AD;). From
det(AD1) < det(D;), we know A = 1, and thus (T, D3) = (T3, D).

Proof of Proposition 1
The assertion can be shown by verifying
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and

Ay = max (¥ — @)DV — ) — (¥ — ) "D (Y- )| = o, [{ur(R*)} /2],

1<i<n

First, let U = diag(uy, . . .,u,) = diag{n'/?(s;;/oi; — 1)} and V = (s4i/0i; — 1)(04i/si; — 1). Then
75 we have

A= max |(¥i = )T(D™ = DYV, - )
= max |(Y; = p)TD "} (=n" 12U + V(Y — 1)
< z‘i;-l— Aia,
where

2 An = max |n=2(Y, = g)TDTHU(Y: = )

Are = max |(Yi = 1) DTV (Y = i)
Note that
A <2 max |0~ V2(Y; = @) TDTUYi = p) + 02 (0 — ) TDHU (- u)‘
=2 max |02 = ) TDTUY; = )| + 2|02 (i - ) TDMU G~ )
. =2 max |n"V2(Y; = ) TDTIUY; = )| + opl{tr(R2)},

where the last equality follows from equation (3.7) in Srivastava and Du (2008).
Letz; = D™Y/2(Y; —p) (i = 1,...,n), and then z; ~ N, (0, R) and

n_l/zxiTUxi

P
n~1/2 g ukaczzk

9 <n —1/2 g U max w
1<i<n

—1/2/v,. _  ATp-1 - _
max |n” (Y — ) DU u)( oax.

= Imax
1<i<n

=n 1/20(10g n)tr(U).
It follows from equations (3.8) and (3.9) in Srivastava and Du (2008) that
E{tr(U)} =0, var{tr(U)} = 2tr(R?).
Thus, we have
Anr < n”V20(log n)O[{ix(R2)}V/2) + oy {ix (B2)}V/2) = o, [{tx(R)}?),

e and similarly, Ay = op[{tr(R?)}'/?]. Therefore, A; = o,[{tr(R?)}/?].
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Next, we show Ay = o,[{tr(R?)}/?]. Let z; = R™Y2D~Y2(Y; — ) (i =1,...,n), then z =
(21, 2ip) T ~ Np(0,I,) and

Ay = max |(z — 2)TR(z — Z) — 2] Rz

1<i<n

= Imax
1<i<n

P
Z (2% — 2zikZk)
k=1
< Agy + Ago,
where Ay =30 \eZ%, Ao =230 M|zl ax lzikl, z=n"1Y" .,z and zZp=
<i<n
n~S L Zige
It is straightforward to see that Ay; = o,[{tr(R?)}!/?] under Condition 3. Under Condition 4, we have
p p
_ - 1/2 - /2y _ 2\11/2
Agp = Q;Ak|z-k|0{(10gn) }< 2;_1 2] max AvO{(logn) =} = op[{tr(R7)} /7).

Finally, we have that Ay = o,[{tr(R?)}'/?] and this completes the proof of Proposition 1.

Proof of Proposition 2
We first consider the moment generating function,

M(t) = E(™ |w, =1). (S.3)
Assume that R = PTAP, where PTP = [ and A = diag(\1, ..., )\,), then we have

1
M(t) = mE{etTyll(wl =1)}
1 1 / T Teo—1
= exp{t'Y — (Y —p) ' 27(Y — p)/2}dY
L=0 @mP2IS1Y2 Sy T o1 (v -y <as)
11
= et M2 / exp {—(z — PRY2DY24)T(> — PRY2DY?t)/2}d>
—0 (27()})/ {zTAz<as}
1
== 5etTM+tTEt/2Ft(a6)7 (S4)

where z = PR™Y2D~Y2(Y — ) and Fy(a) is the cumulative distribution function of the non-negative
definite quadratic form in non-central normal variables, that is

Fy(a) = pr(ZTAZ, <a), Z,~ N(v,I,), v=PRY?DY?.

Without loss of generality, we prove the proposition for y1; | w; = 1, whose moment generating func-
tion is
t
ml(tl) = E(6 1y11 | w1 = 1)

In (S.3), lett = (¢1,0,...,0)T with p — 1 components of 0, then it follows from (S.4) that

2,2
6t1u1+01t1/2Ft1 (aé)’

mit) =175
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where
__1 T T, _
Fy (a) = 5 exp{—(z — tiv1) (z — tyv1)/2}dz, v, v = 011.
(27T)p/ {zTAz<a}

It follows from the Berry-Esseen inequality that

as—p

Cu(R) 2 =z;+o0(1).

Then it is straightforward to show that

1

F, = —212/2)dz = pr{d?(u, D
200 = e [y O (221200 = el s D) < )

OF (as)
8t1 =0
/ Ul z —t1vg ’U1) exp{—(z — tlvl)T(z —t1v1)/2}dz
) {zTAz<as} t1=0
1
= ~ / SN (v] 2)exp (—2"2/2)dz = 0,
{zTAz<as
and
*Fy, (as)
81:% t1=0
1
{(v{z = tiv]v1)? — v vy exp {—(z — t1v1) T (2 — t1v1)/2}d=

( )p/2 {zTAz<as} £ =0
1

Z%k%) exp (—2'2/2)dz — o11pr(d?(p, D) < as)

~(2n)p? /{ZTAz<a5} (
Jefet

:Zp: vi {x/2t <R2>} 2¢{¢Zir_u§2>} {x/2tilzR2) () 2tr?§%2>}+0<”]
— Ullpr{di w, D) < as}.

Thus, we have

8m1(t1)
E(yn |wy =1) =
ot1 t1=0
1 aFt (a(;)
- F _ — iAo/
1—¢ {,Ul t1 (a5)‘t1—0 + 8t1 ho
and
82m1(t1) 1 82Ft (a(;)
var(yy |wy = 1) = ——5—> —p =on+ ——-7
at% t1=0 1- 5 at% t1=0
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Table 1. Average type I errors (%) under Case (1) for various values of p, n* and o when n = 200

Correlation  p n* =10 n* =20
a=1% a=5% o=10% a=1% a=5% o=10%
AR 50 1.7 5.6 10.0 14 4.8 8.7
100 1.5 52 9.6 1.0 4.2 8.2
200 1.2 4.8 9.1 0.8 3.7 7.5
400 1.0 4.3 8.3 0.6 3.1 6.8
MA 50 1.7 54 9.5 1.1 4.1 7.6
100 1.5 5.1 9.1 1.0 3.8 7.2
200 1.4 4.8 8.7 0.9 3.6 7.0
400 1.1 4.3 8.0 0.8 3.2 6.6

AR stands for autoregressive and MA for moving average.

Finally,

ar(yy |wy =1) =

{09 2000 (gt + 2trA<;2>> o)

A
=1_5 kg { - 2¢(25)\/2T]ERQ) + 0(1)}

B 2¢(25) (R*)n
_(’”{ 1—0 y2u(R? )*0(1)}

oq
= M@

= 011711,

which completes the proof.

ADDITIONAL SIMULATION RESULTS

We present additional simulation results based on different configurations to further examine the prop-
erties of the proposed method, and also make a comparison with other existing approaches for outlier
detection. Similar conclusions can be drawn from these numerical studies: The proposed procedure main-
tains the test size and also possesses substantial power for outlier detection with high dimensional-data,
while other methods often fail in the aspect of either type I error rates or type II error rates. The patterns
of our findings are more prominent as p increases.
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Table 2. Average type I (o) and type 1 ([3) errors under Cases (I)—(1l) for various values of p with a
nominal size of « = 0.05, when n = 100 and n* = 20

Case  Correlation D R-MDP PCOut R-MCD SDM
« 15} « 15} « 15} Q I3
@ AR 50 54 04 2.8 1.1 1.5 212 6.7 0.1
100 5.0 23 22 53 7.0 8.5 8.8 0.6
200 4.8 104 24 10.0 109 18.8 6.1 3.5
400 43 29.1 24 17.0 13.8 315 109 63
MA 50 5.0 389 5.6 392 10.1  28.8 252 63
100 4.6 263 45 393 7.9 9.3 164 2.8
200 4.1 138 34 375 337 0.2 276 0.6
400 3.6 6.1 2.6 185 304 0.0 348 0.0
an AR 50 53 00 39 0.6 3.1 2.5 3.6 39
100 49 0.6 5.1 553 9.4 0.0 4.0 8.0
200 47 59 6.5 825 6.3 2.7 7.0 11.3
400 43 247 74 885 153 6.7 8.7 16.7
MA 50 52 302 47 3.1 5.1 8.2 102 0.6
100 4.7 14.6 37 63 249 0.0 205 03
200 45 47 35 334 324 0.0 5.8 0.1
400 38 0.7 45 587 157 0.0 357 02

R-MDP: our refined minimum diagonal product method; PCOut: the principal component outlier detection procedure by Filzmoser et al. (2008);
R-MCD: the regularized minimum covariance determinant method by Fritsch et al. (2011); and SDM: first constructing the initial subset based

on the Stahel-Donoho outlyingness and then applying R-MCD.

Table 3. Average type I (o) and type II (B) errors under Case (Ill) with ¢ = 2, when n = 100 and
n* =20

P R-MDP PCOut R-MCD SDM
« I} Q I5} Q 15} Q I5}
50 5.1 10.6 5.8 40.4 2.0 15.4 7.0 3.1
100 5.1 0.8 4.3 52.2 7.3 0.2 7.3 0.2
200 4.7 0.0 30 403 13.6 0.0 7.8 0.1

400 45 0.0 2.1 15.2 16.3 0.0 10.2 0.0



